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Dedicated to Professor Claus Michael Ringel on the occasion of his 60th birthday 

Abstract. For each simply-laced Dynkin graph A we realize the simple complex 
Lie algebra of type A as a quotient algebra of the complex degenerate composition 
Lie algebra L{A)'i of a domestic canonical algebra A of type A by some ideal / 
of L{A)'^ that is defined via the Hall algebra of A, and give an explicit form of /. 
Moreover, we show that each root space of L{A)'^/ 1 has a basis given by the coset of 
an indecomposable A-module M with root easily computed by the dimension vector 
of M. 



Introduction 

Let A be a finite-dimensional algebra over a finite field k with q elements, and 
consider the free abelian group 'H{A) with basis the isoclasses of finite A-modules. 
Then by Ringel [23] 'H{A) turns out to be an associative ring with identity, called the 
integral Hall algebra of A, with respect to the multiplication whose structure constants 
are given by the numbers of filtrations of modules with factors isomorphic to modules 
that are multiplied (see 12.11) . The free abelian subgroup L{A) of 'H{A) with basis the 
isoclasses of finite indecomposable A-modules becomes a Lie subalgebra modulo q — 1 
whose Lie bracket is given by the commutator of the Hall multiplication. We call this 
Lie bracket the Hall commutator. It would be interesting to realize all types of simple 
(complex) Lie algebras using this Hall commutator. 

Along this line, Ringel [24j realized the positive part of the simple Lie algebra 0(A) for 
each Dynkin type A. Further Peng and Xiao [T7j realized all types of simple Lie algebras 
by the so-called root categories of finite-dimensional representation-finite hereditary 
algebras. But the Lie bracket was not completely given by the Hall commutator, 
because the root category TZ provides only the positive and the negative parts. The 
Cartan subalgebra f) was given by a subgroup of the Grothendieck group of TZ over the 
field Q of rational numbers. The Hall commutator was used to define the Lie bracket 
only inside TZ, and when the bracket should not be closed in TZ, namely when we deal 
with an indecomposable object X in 7^ of a root a and an indecomposable object 
y in 7^ of the root —a, the definition of the bracket [X, Y] was changed in order to 
have [X, F] G f). In [IJ we succeeded to reahze general linear algebras and special linear 
algebras (see also lyama [12]) by the Hall commutator defined on cyclic quiver algebras. 
In this realization also the Cartan subalgebra was naturally provided together with the 
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positive and the negative parts. In [2] we gave a way how to reahze all types of simple 
Lie algebras by the Hall commutator using tame hereditary algebras, in particular we 
gave an explicit realization of simple Lie algebras of type 

However this realization needed some rational constants to define a necessary ideal of 
the Lie algebra. In this paper we give another realization by using domestic canonical 
algebras. Here we do not use a surjective Lie algebra homomorphism from an affine 
Lie algebra ([13]) that was an essential tool in [2j. In the realization using a tame 
hereditary algebra we had to choose some orientation for the quiver of the algebra. But 
if we use a canonical algebra we are free from choosing an orientation of the quiver of 
the algebra except for the An case because the orientation is given from the beginning. 
For simplicity we deal only with simply-laced cases. Non-simply-laced cases may be 
treated using the generalized definition of canonical algebras by Ringel [22] • We expect 
that the same approach works to realize affine Kac-Moody algebras by using tubular 
canonical algebras instead of domestic ones. (In fact, Zhengxin Chen is carrying out 
this plan, the primary version |,5j contained a similar error as in the first version of this 
paper.) It should be pointed out that in the realization using canonical algebras the 
preprojective (resp. preinjective) component contains only basis vectors of the positive 
(resp. negative) part (see Remarks 14.71 and 18.11) . in contrast, in the realization using 
hereditary (non-canonical) algebras the preprojective component and the preinjective 
component contain basis elements of both positive and negative parts. Finally we 
mention that there is a possibility to construct representations of simple Lie algebras 
by the form of our realization using infinite-dimensional modules as done in [T2] . 

The first version contained a serious error that the constructed Lie algebra may turn 
out to be zero because the relations required on it was too much. This problem was 
fixed in the present version. 

The paper is organized as follows. After preliminaries in Sect. 1 we collect necessary 
facts on Lie algebra constructions using Hall algebras, and domestic canonical algebras 
in sections 2 and 3, respectively. In Sect. 4 we state our main theorem, and Sect. 5 
is devoted to preparations of our proof of the main theorem. We give a proof of the 
main theorem in Sect. 6. We next examine root spaces of the Lie algebra constructed 
here to prove the remaining theorem in Sect. 7. Finally in the last section we exhibit 
an example of basis vectors of the realization of simple Lie algebra of type D^, and an 
example that shows an error in the first version of the paper. 

1. Preliminaries 

l.a. Notation. Throughout this paper is a finite field of cardinality q > 3. When we 
deal with domestic canonical algebras of type Eg (see Sect. l3.al for definition) we assume 
that char/c ^ 2. For a (finite-dimensional) /c-algebra A, we denote by mod A the cate- 
gory of finite-dimensional (left) A-modules, and by indA the full subcategory of mod A 
consisting of indecomposable modules. For an A-module M, topM := M/radM, 
socM, Z(M) and [M] denote the top, the socle, the composition length and the iso- 
class of M, respectively. For C = mod A, ind A we denote by [C] the set of isoclasses of 
objects in C. For a field extension K of k, we set := V for all /c- vector spaces 
V. For a. set E, \E\ denotes the cardinality of E. The set of positive integers and the 
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set of non-negative integers are denoted by N and by Nq, respectively. For a ring R, 
denotes the set of invertible elements of R. By Sij we denote the Kronecker symbol, 
i.e., 6ij = 1 if i = j, and 6ij = if i 7^ j. For an abelian group L, we set L*^ := L (S)^ C 
and := L ®i Q. For elements Xi, . . . , x„ of a Lie algebra, we set 

[xi, . . . ,x„] := [[■ ■ ■ [[xi,X2],X:i], ■ • •],a;„]. (1-1) 

For Auslander-Reiten theory we refer to [SIITIET] and for tilting theory to [T0 | [2T | [9]. 
We set to be the Auslander-Reiten quiver oi A. D = Homfc(— and r = ta 
denote the usual fc-duality mod A mod and the Auslander-Reiten translation of 
A, respectively. 

l.b. Hall numbers. For X, F, Z G mod A, we set 

= {M I M is a submodule of Z with Z/M ^ X}, 
J^^y = {M I M is a submodule of Z with M = Y}, 

and the cardinalities of these are denoted by -Ff ^, F^y^ ^^^d F^y^ respectively. F^y is 
called a Hall number. If X = X', Y = Y' and Z = Z' in mod A, then we clearly have 
F^Y = Fx'Y'- Therefore we may set F^x][y] '■~ ^xy- Recall the following well-known 
formula (the Riedtmann formula) for A-modules X, Y and Z (see [20l 4.1, 4.3], [I6l 
Lemma 3.1]): 

j,z _ |Ext\(X,y)^|-|Aut^Z| 

|Hom^(X,F)|-|AutAX|-|Aut^F| ^' ^^'^^ 

where Ext\(X, F)^ is the set of equivalence classes in Ext\(X, F) of extensions with 
the middle term Z. To compute the number F^y we will use the number 

W^y := \{U',g) e YiomA{Y,Z) x HomA(Z,X) |O^F-^Z^X^Ois exact}]. 
As easily seen we have the following relationship between Fjy and Wxy'- 

pZ W^Y 

I Aut^Xl ■ I AutA^I' 

I.e. Representations of quivers. 

Definition 1.1. (1) Recall that a quiver is a quadruple Q = {Qo,Qi, tq^ho), where 
Qo.Qi are sets (or classes) and tq^hq are maps from Qi to Qq. Elements of Qo.Qi 
are called vertices and arrows of Q, respectively, and for each a E Qi the vertices 
^^(q;), hq^a) are called the tail and the head of a, respectively. By drawing an arrow 
tq{a) hq{a) for each a G Qi we can express Q as an oriented graph. We can 
regard categories as quivers by forgetting compositions. 

(2) A morphism from a quiver Q to a quiver Q' is a pair / = (/o,/i) of maps 
fi- Qi Qi for i = and 1 such that fotq = tqifi and fohq = hqifi. This is also 
written as / = (/(x), /(a))^.eQo,aeQi, where we put /(x) := /o(x),/(a) := /i(a) for 
each X G Qo and a G Qi- 
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(3) A k- representation of a quiver Q is just a morphism V = {V{x), V{a))x,a from 
Q to the category mod A; of finite-dimensional fc- vector spaces regarded as a quiver. 
The definition of morphisms between representations of Q is similar to that of natural 
transformations between functors. 

Remark 1.2. Unless otherwise stated we only deal with finite quivers, i.e. quivers with 
only finitely many vertices and arrows. 

The vector space kQ with basis the set of all paths in Q turns out to be a k- 
algebra with identity via the multiplication given by concatenation of paths. We 
refer to [7j for details. When an algebra A is defined by a quiver Q with relations 
pi, . . . , pt, say A = kQ/I, where I is the admissible ideal of kQ generated hj pi, . . . , pt, 
we identify mod A with the category of representations of Q satisfying the relations 
Pi, . . . , Pt as in [7J. Thus for an A-module M, regarded as a ^-representation, we write 
M = (M(x), M(a))j.gQQ_Q,gQj. In fact, M{x) = e^M and M{a) is given by the left 
multiplication by a + / G A. 

Remark 1.3. For simplicity we assume throughout the rest of this paper that A is a 
finite-dimensional /c-algebra defined by a quiver Q = {Qo,Qi,tQ,hQ) with relations. 

Definition 1.4. For each vertex x of Q, we denote by e^. the idempotent of A corre- 
sponding to X. The support algebra of an A-module M, denoted by supp M, is defined 

by 

suppM := A/AbmA, 

where Bm '■= '^m{x)=o^x- Note that mod suppM forms a full subcategory of mod A 
closed under extensions. 

l.d. Grothendieck group. 

Definition 1.5. (1) The image of an M G mod A in the Grothendieck group Kq{A) 
of A is denoted by dimM and is called the dimension vector of M. 

(2) For each vertex x E Qo we set := Ae^/ ladAe^ to be the simple A-module 
corresponding to x, and e^ := dim S^.. 

(3) For each v,w E Kq{A) we write v < w if v^: < for all x G Qq. This defines a 
partial order on Kq{A). Further we write v < w if v < w but v ^ w. 

Remark 1.6. (1) The set {e^ | x G Qo} forms a basis of Ko{A), by which we regard 
each element v = X^^eQo -^o(^) as a row vector (fx)xgQo ^ identify 

Ko{A) with Z*^". Under this identification we have dimM = (dim^ M(x))a;gQ(,. Note 
that since we deal with row vectors, each Z-endomorphism / of Kq{A) is expressed by 
the right multiplication by the corresponding matrix F as f{v) = vF for all v G Kq{A). 

(2) Let K be an arbitrary field extension of k and consider the i^-algebra A^ : = 
A (8>fc K. By identifying Kq{A^) with Z*^° by the same way as above we also have 
dim = {dimx {x))x^Qg. Then since dim^ M(x) = dimx (x) for all x G Qo, 
we have 

dim = dim M. 
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Definition 1.7. Since the derived category D^(modA) of bounded complexes in mod A 
is a triangulated category, the Grothendieck group KQ(V^(modA)) is defined by using 
triangles ([8], P, 1.1]). For each X e I'''(mod^) we denote by dim ^ X the image of 
X in KoiV'^imodA)). 

Remark 1.8. We regard mod A as a subcategory of V^{modA) by the canonical embed- 
ding mod A — s> V^{modA) sending modules to complexes concentrated in degree zero, 
which induces an isomorphism Kq{A) — > Kq(T)^ {mod A)) , dimX i— >■ dim ^ X with the 
inverse dim^ X i— > ^^^(— 1)* dimX*(j,8j). By this isomorphism we identify Ko{A) with 
Ko{V^{modA)). Therefore for all X G V^{modA) we may write dimX = dim^X, 
and we have 



dimX = V(-l)MimX'. 

i=l 

In particular, for each X G V^{modA) and i G Z we have 

dimX[i] = (-l)^dimX. 

I.e. Bilinear form and quadratic form. Let C be the Cartan matrix of A, namely 
the matrix whose (i, j)-entry is given by dimejAe^ for all i,j G Qo (Definitio ril.4l) . 

Definition 1.9. If the global dimension of A is finite, say at most d G N, then C is 
invertible and we can define a bilinear form by 

for all v,w E Kq{A) = TP'^ (C~^ denotes the inverse matrix of the transposed matrix 
of C). 

Remark 1.10. In the setting above the following is well-known: 

d 

5a (dim X, dim y) = J^(-l)MimExt^(X, F) 

i=0 

for all A-modules X, Y ([211 Lemma 2.4]). 

Definition 1.11. (1) We denote by xa the corresponding quadratic form, namely 

Xa{v) := Ba{v,v) 

for all V G Kq{A). 

(2) An element v G Kq{A) is called a root (resp. a radical) of xa if Xa{v) = 1 (resp. 
Xa{v) = 0). 

(3) We set radxA := {v G Ko{A) \ Xa{v) = 0} and call it the radical of xa- 
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1. f. Exceptional modules. Recall that an A-module X is called exceptional if X is 
indecomposable and Ext\(X, X) = 0. We take an algebraic closure k of k, and set 
Q = Qa to be the set of all finite field extensions K of k contained in k such that 
(End^X)-^ is a field for all exceptional A-modules X. We set £ex{A) '■= {Endyi(X) | 
X is exceptional}/ = and S{A) := {Endyi(X) | X is simple}/ =. (In the simply-laced 
cases our domestic canonical algebras A defined in the next section are defined by 
quivers with relations and we always have S{A) = {k}. Therefore in our case we can 
omit this notation, but we keep it here because it is needed in the non-simply-laced 
cases and it tells us how to generalize our argument.) 

Lemma 1.12. If A is an algebra derived equivalent to a hereditary algebra H, then 
£{A) C £g-i.[A) C Sex{H) = S{H). Therefore in particular, Qa is an infinite set. 

Proof. Since simple modules are exceptional, both S{A) C S^xiA) and S{H) C £^^[H) 
are trivial. In the hereditary case it is known that the converse inclusion is also true 
(P7]). thus we have S{H) = S(,x{H). We only have to show that £ex{.A) C £^^[H). 
Let F: Ti°{m.odA) Ty°{modH) be a triangle-equivalence, and X an exceptional 
A-module. Then -FX[i] G mod if for some i G Z because FX is an indecomposable 
complex and H is hereditary. It is obvious from the construction that -FX[i] is an 
exceptional if-module. The algebra isomorphisms End^(X) = X>'^(mod A)(X, X) = 
V^{m.od.H){FX, FX) = Endiy(FX[i]) show that Eex{A) C E^xiH). □ 

2. Lie algebras defined by the Hall multiplication 

2. a. Hall algebras. Since A is a finite-dimensional /c-algebra with k a finite field, 
A is a finitary ring as shown in Ringel [23], i.e., Ext^(X,F) is a finite group for all 
X, y G mod A. 

Definition 2.1. The free abehan group Hi^A) with basis {M[x]}[x]G[modA] together with 
the multiplication defined by 

U[x]U[Y] := Yl ^[xm'^iz] 

[Z]e[modA] 

is called the integral Hall algebra of A. 

Ringel [23] proved the following. 
Lemma 2.2. 'H{A) is an associative ring with the identity 1 = M[o]. □ 
2.b. Lie algebras. 

Definition 2.3. Let L{A) be the free abelian subgroup of Ti-IA) with basis {ua}ae[mdA]- 
We set L/ (a) := L/aL for all Z-modules L and a G Z, and denote elements x + aL{A) 
of L{A)/{a) {x G L{A)) simply by x. 

We have the following by Ringel [26l Proposition 3] (see also Ringel [251 Proposition 
!])• 
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Lemma 2.4. The free Z/(q — l)Z-module L(A) / (q — l) is a Lie subalgehra of'H{A) / (q— 
1) with the Lie bracket 



[Z]e[indA] 

for each[X],[Y]e [ind A]. □ 

Note that in the right hand side of the formula above the sum may be taken only 
over [Z] G [indA] such that dim Z = dim X + dim Y. Hence if we put {L{A)/{q — 1))^ 
to be the free — l)Z-submodule with the basis {uix] \ [X] G [ind A] , dim X = d} 
for all d G Ko{A), we have [(L{A)/{q - 1)),, {L{A)/{q - 1)),] C - 1)),+^ for 

all (i, e G Ko{A). Thus we have the following. 

Proposition 2.5. L{A)/{q — 1) = 0^gj^^^^)(L(A)/(g — 1))^ is a Ko{A)-graded Lie 
algebra. □ 

2.C. Composition Lie algebras. 

Definition 2.6. For A-modules X, Y and Z a polynomial y9^j^(T) G Z[T] in an 
indeterminate T with integral coefficients is called a Hall polynomial for the triple 
(X, Y, Z) if = ^lxi\K\) for all K G Qa- 

Note that when the set VLa is infinite, a Hall polynomial for a triple is uniquely 
determined if it exists. 

Definition 2.7. Assume that VLa is an infinite set. By Lemma [2.bl L{A^)/{\K\ — 1) 
is a Lie subalgebra of l-i{A^) / {\K\ — 1) over 'L/{\K\ — 1)Z for each K E Vt. Consider 
the Lie algebra over Z given by the direct product of Lie algebras: 

Ii = IiA:=\{L{A^)im-l)- 

Ken 

(1) An y4-module X is called absolutely indecomposable (with respect to Q) if 

X^ is indecomposable for all K E il. (2-1) 

We write U[x] := {u[xK])Ken G H if X is absolutely indecomposable. Note that all 
simple modules are absolutely indecomposable. 

(2) The Lie subalgebra of H generated by {u[s] \ S is simple} is denoted by L{A)i 
and is called the degenerate composition Lie algebra of A. The Lie algebra L[A)i is 
not a torsion Z-module because Q is an infinite set. 

Lemma 2.8. Let X , Y , Z be absolutely indecomposable A-modules with dimX + 
dim Z = dim y such that Y is the unique indecomposable A-module with dimension 
vector dimX + dim Z up to isomorphisms. If there exist Hall polynomials f'zx '^^^ 
^xz> ihen 

[uz,ux] = (v?|^(l) -(/7^2(l))uy 

in H. 

Proof This follows from = (p^xi^) in - 1)Z for all K e ^a- □ 
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Figure 3.1. Quiver of a canonical algebra 

The following seems to be well-known. 

Proposition 2.9. Let A be a simply-laced Dynkin graph. If A is a connected representation- 
finite hereditary algebra of type A, and M an indecomposable A-module. Then um G 
L{A),. 

Proof. Since in this case VLa is an infinite set, L{A)i is defined. We prove the asser- 
tion by induction on dimM. If dimM = 1, then M is simple, and u^^ G L{A)i. 
Assume that dimM > 1. Then as easily seen there exists a simple A-module S and 
an indecomposable A-module such that dimM = dim S + dim A^. By putting 
a := ip^^il) — Lp^gil) we have [u^, uat] = anu in H by Lemma [2781 Here by [2lj pre- 
cisely one of the two values ip^j^{l) and ip^g{l) is nonzero, and the nonzero value is in 
{±1, ±2, ±3}. Therefore a G {±1, ±2, ±3}. Since A is simply-laced, we have a = d=l. 
Hence um = ^[us,U]\f] G L{A)i because by induction hypothesis G L{A)i. □ 

3. Canonical algebras 

3. a. Canonical algebras. Among canonical algebras we consider, in this paper, 
only domestic canonical algebras given by quivers with relations. Namely, a domes- 
tic canonical algebra A is given by the quiver Q in Figure 13. where r G {2,3}, 
p{i) > p{i + 1) > 1 for all 1 < i < r — 1, with no relation when r = 2; and with the 
relation ^^^^ «ii ■ ■ ■ ajp(i) = when r = 3. Further when r = 3 it is assumed that 

(p(l),p(2),p(3)) G {{d, 2, 2), (3, 3, 2), (4, 3, 2), (5, 3, 2)} 

for some d > 2. For convenience we set Xn = X21 = ■ ■ ■ = x^i = 1, = 
2^2,p(2)+i = ■ ■ ■ = Xr,p(^r)+i = oo, and give a partial order on Qq by setting Xij < Xij+i 
for all 1 < z < r and 1 < j < p{i). Denote by the quiver obtained from Q by 
deleting the vertex cx). Note that the underlying graph A of is a (simply-laced) 
Dynkin graph, which is called the type of A. Conversely every simply-laced Dynkin 
graph r is obtained in this way, and the canonical algebra of the type F is uniquely 
determined if F is not of type An. We set Aq := Qq = Qo \ {00} to be the set of vertices 
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of A, n := \ Aq\, and denote by {axy)x,y€Ao the Cartan matrix expressed by the graph 

A, namely 

{2 iix = y; 
—1 if a; 7^ y, and x, y are neighbors in A; and (3-1) 
if X 7^ and x, y are not neighbors in A, 

where vertices x,y E Aq are said to be neighbors in A if they are connected by an edge 
in A. 

Throughout the rest of this paper we assume that A is a domestic canonical algebra. 

3.b. Domestic canonical algebras as tame concealed algebras. Note that Ta 
has a preprojective component ([211 P-80]), which contains a unique complete slice S 
( Pm 7.1], cf. [211 p. 180]) with Poo := Ae^c the unique source. Let T be the correspond- 
ing slice module ([211 p. 183]), which is a tilting module for A. Then H := Endyi(T)°P 
is a tame hereditary algebra, whose quiver is obtained by giving an orientation to the 
affine graph A^^^ corresponding to the type A of A. Thus A is a tilted algebra (}10], 
[2TI 4.2]) or more precisely a tame concealed algebra ([21], 4.3]), and hence the global 
dimension of A is at most 2, and it is derived equivalent to the hereditary algebra H 
by [3 Theorem 2.10] or [191 Theorem 6.4]. Denote by JF and T (resp. ^ and X) the 
torsion-free class and the torsion class in mod A (resp. mod if), respectively, defined by 
the tilting module T. Note that the torsion pair (T, JF) splits, i.e., we have a disjoint 
union indA = {indA fl T) U (indA n JF), whereas in general the torsion pair {X,y) 
does not split, thus indH D (indif n X) U (indif n 3^). Set 

F := Hom^(T, -), F' := Ext\(T, -), F := RHom:4(T, -), 

G:=T®H -, G' := Torf (T, -), G := T 1^ - 
Then as well-known we have quasi-inverse pairs of equivalences and triangle-equiva- 
lences 

T^^y , T^^X , and (mod A) ^^P^ (mod if) . 

G G' G 

Since H is given by a quiver, we have £^(ii) = {A;}. Then by Lemma [1.121 we have 
the following. 

Lemma 3.1. Eexi^Ai) = S{A) = {k}, and Qa is an infinite set. 

□ 

B. C. Bilinear form, quadratic form and rank. Since the global dimension of A 
is finite (Sect. [37b1) . the bilinear form B := Ba is defined (Definition II. 9p . Denote by 
r-r: Kq{A) — > Kq{H) the isomorphism defined by rr ( dim X) = dim FX for all X G 
V^{m.odA). Then as well-known BA{x,y) = BH{rT{x),rT{y)) for all x,y E Ko{A), 
in particular, we have Xa{x) = XH{rT{x)) for all x e Kq{A) ([9l Proposition III. 1.5]). 
Thus radxA is isomorphic to ladxH, which is well-known to be a free abelian group 
of rank 1. Then since 5 := (1, 1, . . . , 1) G rad^A? "we have rad^A = ^f^- Thus 6 is the 
minimal positive radical vector of xa- 
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We set p := (1, 0, . . . , 0, -1) G For an element v G Ko{A) = Z"+i we set 

rankf := f i — f oo = vp^ 
and call it the rank of v, and for an A-module M we set 

rankM := rank(dimM) = dimM(l) - dimM(oo) = (dimM)p'^, 

which is called the rank of M. 
A direct calculation shows that 



B(v, w) 



ExeQo ^^^^ ~ ^x-.y ^xWy if A G {An\n G N} 

ZlxeQo ^^^^ ~ Y^x^y ^^^y + ^ooWi if A ^ {An\n G N} 

for all v,w E Kq{A), where the sum ^^.^^ is taken over all pairs (x, G Qo x Qo such 
that there exists an arrow from a; to y in Q. This immediately yields 



B{6,v) = — rankf 

B{v,6) = rankw. (3-2) 

for all V G Ko{A). 

3.d. Lost indecomposable modules. Since H is hereditary, each indecomposable 
complex in V^{m.odH) is isomorphic to a complex concentrated in one degree. In 
other words each indecomposable complex in "D^ (mod if) is regarded as an if-module 
up to shifts. But the corresponding statement does not hold for A in general. An 
indecomposable if-module X is sent by G to a complex of A-modules that cannot be 
isomorphic to an A-module up to shifts if and only if X ^ X uy. Thus, when we pass 
from L(/7)(g_i) to L(y4)(g_i) we lose the basis U[x] for such an X. Therefore L{A)f 
would not realize the positive part of the affine Kac-Moody algebra of type A^^\ which 
was realized as L{H)i by a part of ^18j, Theorem 4.7] (see also [25l Theorems 2 and 3]). 
In this connection it would be interesting to know which indecomposable complex of 
A-modules can be an A-module up to shifts. This is the case if and only if positive and 
negative entries are not mixed in its dimension vector. Namely, we have the following. 

Lemma 3.2. Let X G X'^(modA) be indecomposable. Then X[i] G indA for some 
i G Z if and only if dim X > or dim X < 0. 

Proof (^). If X[i] G indA for some i G Z, then < dimX[i] = (-l)*dimX by ll.dl 
Hence dimX > or dimX < 0. 

(<^=). Since the torsion pair (JF, T) in 13. bl splits. X[i] G indA if and only if X[i] G 
or X[i] G T for all indecomposable complexes X G T'^(mody4) and i G Z. 

Now assume that X[i] ^ indA for all i G Z. It is enough to show that dimX / 
and dimX ^ 0. Since H is hereditary, there exists some i G Z such that Y := G 
mod if. It follows from the assumption that X[i] ^ T and ^ T. Therefore Y 
and Y ^ X . Let Vh-, TIr^ and Th be the preprojective component, the tubular family. 
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and the preinjective component of the Auslander-Reiten quiver of H, respectively. 
Since Vh^TIh ^ 3^, we have Y G In- Consider the canonical exact sequence 

^ r' ^ y ^ r" ^ 

with Y' and Y" e y. Then 

dimX[i] = diniGF 

= diniGF^ + dim GY" 

= dim GY' - dim G'Y' + dim GY" - dim G'Y" 
= dimGY" - dim G'Y'. 

Hence 

dimX[i] = dimGy" - dimG'y'. (3-3) 

We first show that (dimX[i])i < 0. Let Ji be the injective hull of Si. Suppose that 
Homjy(F",F/i) ^ 0. Then since RomH{e, Fh) : RomH{Y,Fh) RomH{Y",FIi) 
is an epimorphism, we have HomniY, FIi) ^ 0. This shows that F is a predecessor 
of FIi in 2h- Since FIi G y and y D Ih is closed under predecessors in T^-, we 
have y G 3^, a contradiction. Therefore we must have Homjy(y", FJi) = 0. Then 
since Y",FIi G 3^, we have YlomniGY" Ji) = 0, which shows that (dimGF")i = 0. 
Whereas since G'Y' G C P, we have (dimGT')i > (dimGT')oo > 0. Hence by 



we have (dimX[i])i < 0. We next show that f dim X[i])^ > 0. Since F" G 3^ fl Ih, we 
have GY" G J, and hence ( dim GY")^ > (dimCF")! > 0. Further since G'Y' is not a 
successor of Poo, we have ( dim G'Y')nr, = 0. Hence by (13-31) we have (dimX[?])oo > 0. 
As a consequence we have dim X[z] ^ and dim X[i] ^ 0, which implies that dimX / 
and dim X ^ by Remark 11.81 □ 

3.e. Indecomposable modules of dimension vector S. Let K E Vl. We list 
indecomposable A'^-modules with dimension vector 6 for later use. 

(1) For each c G -ft' we define a A^-module Wc{K) as follows. Let Wc{K){x) = K 
for all X G Qoi and 

r cl if (z,j) = (2,l); 

W,{K){a,,) = l -{l + c)l if (2, j) = (3,1); and 
I 1 otherwise. 

(2) For each arrow a = aij G Qi we define a A^-module Xa{K) = Xij{K) as 
follows. Let Xa{K){x) = Xij{K){x) = k for all x G Qo; and 

r if(s,t) = (z,j); 

X,,{K){ast) = I -1 if (z,s,t) G {(1,3,1), (2, 3,1), (3, 2,1)}; and 
I 1 otherwise. 

Note that Wo{K) = X2i{K) and that when A is not of type An, we have W-i{K) = 
X3i{K). For K = k we simply write Wc = Wc{k) and X^ = Xij{k) for all c G /c and 
Oiij G Qi. Then clearly we have Xij{K) = X^ for all aij G Qi and K E Q. The 
following is well-known ( [2T] ) . 
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Proposition 3.3. The set {Wc{K),Xf^ \ c E K \ E^,aij G Qi} forms a complete set 
of representatives of isoclasses of indecomposable -modules with dimension vector 5, 
where 

E ■=[ ^ of type An, and 

^ ' \ {0, —1} otherwise. 

3.f. The Auslander-Reiten quiver. Recall that the set of isoclasses of simple regu- 
lar representations of the Kronecker algebra ( °) over k is identified with the projec- 
tive line P^(/c) = Proj ^[xo, xi] of the ring fc, which is needed to apply general results in 
|22j . We obtain the following by Theorem 4.3], [221 Theorem 1], and pT], Theorem 
3.7] (see [21] for definitions of orbit quivers, tubular families and so on): 

Theorem 3.4. Let A be a domestic canonical algebra. Then 

(1) Va consists of a unique preprojective component V with orbit quiver of type A^^^^ 
containing all projective indecompo sables, a unique preinjective component X with orbit 
quiver of type AS^^ containing all injective indecompo sables and a stable separating 
tubular ¥^{k)-family 71 = ('7^)cepi(fc) of type (p(l), . . . ,p{r)) separating V from X (see 
Definition 13.51 for definition) ; 

(2) An indecomposable A-module M is preprojective, i.e., M G P [resp. preinjective, 
i.e., M E X) if and only ifiankM > {resp. < 0), if and only if all maps M{a), 
a E Qi are monomorphisms {resp. epimorphisms) and there is some non-isomorphism 
among them; and M is regular, i.e., M ElZ if and only ifiankM = 0, if and only if 
either all maps M{a), a E Qi are isomorphisms, or there is some non-monomorphism 
and some non-epimorphism among them; and 

(3) mod A is controlled by xa- Namely, 

(a) {xA(dimX)|X G ind A} = {0, 1}; 

(b) for any positive root v of xa \{[^] ^ [indy4]|t> = dim X}| = 1; and 

{c) for any positive radical vector V ofxA ^ [indA]|f = dim X}| > □ 

More detailed account on the tubular P^(A;)-family TZ will be given in Sect . |3.g| below. 

Definition 3.5. (1) For each positive root v of xa we denote by m{v) the unique 
element of {[X] G [indA] | v = dimX} and choose an indecomposable A-module 
M{v) G m{v). For each K e ^ we set m{v)^ := [M{v)^]. 

(2) We here recall the definition for TZ to be separating V from X. First for a trans- 
lation subquiver T of we denote by (T) the full subcategory of mod A consisting 
of the modules in T (sometimes we simply write T for (T) if there seems to be no 
confusion). Then (T) is said to be standard if it is isomorphic to the mesh category 
k{T) of T ([2ll p. 51]). Now TZ is said to be separating V from X if 

(a) (7^) is standard (thus there are no nonzero morphisms between distinct tubes, 
and {%) ^ k{%) for all c G pi(A;)); 

(b) HomA(X,P) = HomA(X,T) = HomA(T,P) = 0; and 

(c) For each / G Hom^(P,X) and each c G P^(fc), / can be factored through %. 
Corollary 3.6. Let M be an indecomposable A-module. Then 



min dimMfx) = [ ^ preprojective; 

xeQo \ dimM(l) if M is preinjective. 
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Proof. This is immediate from Theorem 13.4( 2). □ 

Corollary 3.7. Let v be a root of xa o-nd t G Z. Then v + t5 is a root of xa- In 
particular, \ rankX| < 6 for all X G indA. 

Proof. By the formula ([33]) we have XA(^^+t5) = XA{y)+tB{y,5)+tB{5,v)+t^XA{5) = 
1 + trankf — trankv + = 1. Thus v + t6 is a root of xa- Now let X G ind A. If X 
is regular, then the assertion is trivial because rankX = 0. If X is preprojective, then 
rankX > and dimX is a positive root, and hence w := dimX — dimX(oo)5 is a 
positive root by Corollary 13.61 Thus there exists some Y G indyl such that dim y = w. 
Then rankX = ranky = dimy(l) because dimy(oo) = by construction. Here Y 
is regarded as an indecomposable module over supp Y that is a representation-finite 
hereditary algebra defined by a quiver. Hence dimy(l) < 6 by Gabriel's Theorem 
[6] on the classification of representation-finite quivers (or Ovsienko's Theorem [15] 
explained in [21], 1.0 Theorem 1]). If X is preinjective, then the similar argument 
works to have —6 < rankX < 0. □ 

3.g. Tubular family. We describe the tubular P^(/i;)-family TZ = (Zi)cePM'=) The- 
orem [H]!] in more detail following [211 122] • Recall first that as a set of points, F^{k) 
decomposes into a disjoint union P^(/c) = LldGN^H^)d of the subsets 

F^(k)d := {(p) G F'^(k)\p G /c[xo,a;i] is homogeneous, irreducible, and degp = d}, 

where (i G N. In [2], to parameterize indecomposable modules with dimension vector 
the minimal positive imaginary root of a simple Lie algebra considered there, we used 
the set Fl := {k X k \ {(0,0)})/ ~, where for each (a, 6), (a', 6') e k x k \ {(0,0)} 
we define (a, 6) ~ {a',b') if and only if (a, 6) = t{a',b') for some t & k^ , which is an 
equivalence relation on k x k \ {{0, 0)} . We here identify with the subset F^{k)i of 
F^{k) by the bijection {a : b) (axo + bxi), where (a : b) denotes the equivalence class 
in P^ containing (a, 6) G k x k \ {(0,0)}. We also identify P^ with the set k U {oo} 
by the bijection [a : 1) ^ a for a E k and (1 : 0) t-^ oo. For each c G F^{k), % has 
the following shape: If c ^ U {oo} (see fl3-4p ). then % is a homogeneous tube, i.e., 
is isomorphic to the translation quiver ZAoo/{t) (see [211 Chap. 3], it is denoted by 
ZAoo/l there). The module Wc defined in Sect. 13. el is the unique module on the mouth 
of Tc ([21, 3.1]). Each module in %, is uniquely determined by Wc and by its quasi- 
length (= the number of modules in the shortest path from the mouth to it) m, and 
thus we denote it by VFc[^]- (Since Wc is of quasi-length 1, we can write Wc = Wc[l]-) 
The set of modules in % is equal to {VFc['^]|'^ G N}. Then we have 

dim VK~[m] = mdS, 

if c e F^{k)d with G N. Next assume that c G -Ea U {oo}, which depends on 
the value of r G {2,3} in Figure EH Set c(l) = oo, c(2) = (and c(3) := -1 
when r = 3). Then for i = l,...,r, 7^(j) is a stable tube of rank p{i), namely, it 
is isomorphic to the translation quiver ZAoo/ {t^^^^) (= ZAoo/pii) in [21] Chap. 3]). 
The simple modules Sj:-^, . . . , Sr^.^^.^, and the module W^c(j) are the modules on the 

mouth of where W^^-^ := M{6 — X]^=2^2:ij) (^^^ Definition 13.51 for the nota- 

tion), which is possible because a direct calculation shows that 6 — Yl^j=2^^ij ^ 
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positive root of xa- Each module in 7^(j) is uniquely determined by its quasi- length 
m and the starting point W G {3x^2^ ■ ■ ■ , 'S'^^.^^.j, W^c(i)} shortest path from the 

mouth to it. Therefore we denote it by iy[m]. The set of modules in 7^(j) is equal 
to {W[m]\W e {S,^„...,S,^^^^^,W^^,^},m e N}. The modules j e 
defined in Sect. 13. el are in and of quasi-length p{i), thus Xtj = W[p{i)] for some 
W G {S'xi2, . . . , S'aj.p^.j, VF^'(-)}. By the additivity of dimension vectors on exact se- 
quences, we easily see that 

dim W[dp(i)] = dS 

for all (i G N, and dim W [m] G Z(5 if and only if m G Zp(i). In particular, we have 
{c G F^{k)\Tc contains a module of dimension vector 6} = P^(A;)i = P^. We call 
i G {1, . . . , r} non-homogeneous tubes. 

3.h. r-orbits in the preprojective component. Set $ := —C~'^C to be the Cox- 
eter matrix of A. For later use we give an explicit form of when A is not of type 

An'- 



$-1 = 
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-1 
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-1 





-1 \ 
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1 • ■ ■ 
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1 ■ ■ ■ 
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1 
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1 
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-2 


_1 ... 


-1 


-1 


-1 




-1 


-1 


-1 


-1 / 



where the rows and columns are ordered by the sequence (l,Xi2, . . ., Xip(i),X22, ■ ■ ■, 
X2p{2), Xs2, oo), and in the first row the two zeros between entries with value —1 
correspond to X22 and 2:32 , whereas in the first column the 1 between zeros corresponds 
to Xip(i). In many cases can be seen as a "shadow" of in Ko{A) as the following 
statement shows (see [21, 2.4 (4*)] for the proof). 

Lemma 3.8. Let M be an A-module. //injdimM < 1 and }ioraA{D(AA), M) = 0, 
then 

dimr"^M = (dimM)<l>"\ 

□ 

In order to check that the injective dimension is at most 1 we cite the following 
lemma from [21] . 

Lemma 3.9. Let M be an A-module. T/ien injdimM < 1 if and only if}lomA{T~^ M, A) = 
0. In particular injdimM < 1 holds if Mis an indecomposable module such that t~^M 
is not a predecessor of any projective indecomposable A-module. □ 



DOMESTIC CANONICAL ALGEBRAS AND SIMPLE LIE ALGEBRAS 



15 



Note that if M is an indecomposable module that is a successor of a complete slice 
of the preprojective component, then t~^M cannot be a predecessor of any projective 
indecomposable A-module, and hence injdimM < 1. 

Direct calculation shows the following. 

Lemma 3.10. 5$"^ = 5 and = ■ D 

On the set of dimension vectors of indecomposable preprojective A-modules there 
are two natural partitions: the r~^-orbit decomposition and the coset decomposition 
modulo 5. The following gives a relationship between them, which was obtained in 
answering a question by A. Hubery. 

Proposition 3.11. If M is an indecomposable preprojective A-module such that t^^M 
is not a predecessor of any projectives in Ta, then there exist t, m G N such that 

dim r~*M = dimM + mS. 

Proof. Let V be the set of vertices of the preprojective component of T^- For each 
r G {1,2,...,6} set 



Vr '■= {X eV \ r X is not a predecessor of any projectives, rank X = r} 
dhaVr := {dimX | X G Vr}. 

Define an equivalence relation ~ on dim Vr by w ~ w if and only if f — G Z5 for all 
v,w E dhnVr- Since dimX — dimX(cxD)(5 is a root of xa for each X G Vr, there exists 
an indecomposable A'-module Y such that dimX — dimX(cx3)(5 = dim Y. This shows 
that the quotient set (dhnVr)/ ~ is finite because A'' is representation-finite. We show 
that acts on the finite set (dimVr) / ~. Let X G Vr- Then clearly r~^X is not a 
predecessor of any projectives, either, and rankr^^X = ( dim X)^~^ = rankX = r 
by Lemmas 13.81 and 13.101 Hence induces an injective map Vr Vr- Thus by 
Lemma [3l8] the right multiplication by induces an injective map dimVr — > dim P^-, 
and by Lemma [3.101 it also induces an injective map ( dim P^)/ ~— (dimVr) / ~ , 
which is a bijection because the set (dimPr)/ ~ is finite. Now let M be as in the 
assertion and put r := rankM. Then dim M G dim P^- and (dimM)$~* ~ dimM for 
some t E N, which means that dim r~*M = dim M + mS for some m G Z. If m = 0, 
then dim r~*M = dimM, and we have t~'^M = M, a contradiction. Thus m 7^ 0. If 
m < 0, then there exists some s G N such that dim r~**M = dimM + sm6 < 0, a 
contradiction. Hence m G N. □ 

Remark 3.12. If the assumption that r~^M is not a predecessor of any projectives in 
is dropped or is replaced with the weaker condition that injdimM < 1, then there is 
a counter-example, e.g., in the case where A is of type Eq and M = T^^{Aex.^2)- There 
is also an example for which the smallest value of m is not equal to 1 (see Sect. 18. aj) . 

Recall that an A-module M is called sincere if e^^M 7^ for all x E Qo- We say that 
M is non-sincere if it is not sincere. The following well-known fact follows also from 
the proposition above (see pjj, |4j for general results). 
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Corollary 3.13. A is a minimal representation-infinite algebra, i.e., A/Ae^A is repre- 
sentation-finite for all X G Qo- 

Proof. It is enough to show that the Auslander-Reiten quiver of A contains only a 
finite number of non-sincere indecomposable A-modules. By the previous proposition 
it is immediate that the preprojective component contains only a finite number of non- 
sincere indecomposable A-modules. Dually the preinjective component has the same 
property. In the tubular family any non-sincere indecomposable A-module X lies in a 
non-homogeneous tube T and has quasi-length less than the rank of T. Thus also there 
are only a finite number of non-sincere indecomposables in the tubular family. □ 

Proposition 3.14. // an indecomposable A-module M is not sincere, then U[m] £ 
L{A),. 

Proof. Let M be a non-sincere indecomposable A-module, and set i? := suppM. Then 
by Corollary 13. 131 B is representation-finite. We regard modi? as a full subcategory of 
mod A by the canonical embedding. Then M is regarded as a sincere indecomposable 
S-module, and by the formula (11-21) we see that L{B)i C L{A)i. Therefore it is enough 
to show that u^m] ^ L{B)i. If B is hereditary, then this follows by Lemma [2.91 If M 
is a preprojective (resp. preinjective) A-module, then M(oo) = (resp. M(l) = 0) 
by Corollary 13.61 because M is not a sincere A-module, and then B turns out to be 
hereditary. Thus in this case the assertion holds. Hence we may assume that M is a 
regular A-module. Since M is not a sincere A-module, M is in a non-homogeneous 
tube of a rank p > 1 and with quasi-length less than p. Thus, in particular, dimM 
consists of and 1. We show that U[m] £ L{A)i by induction on dimM. If dimM = 1, 
then M is simple and the assertion is trivial by definition. Now assume dimM > 1. 
Then the form of dimM shows that there exists an exact sequence of the form 

0^ N ^ M ^ S ^0 oiO^S^M^N^O 

with S a simple A-module and N an indecomposable A-module, and that 

(F5^^„F^,V) = (1>0) or (0,1), 

respectively, for all K G Qa- Thus we have U[m] = ±[u[s], U[jv]] G L{A)i because by 
induction hypothesis both U[s] and U[7v] are in L(A)i. □ 

4. Realization of simple Lie algebras 

In this section we state our main theorems realizing simple Lie algebras and their 
root spaces, and give a precise form of Chevalley generators of our realization. 

4. a. Main results. 

Definition 4.1. When A 7^ Ai (resp. A = Ai) we set /(A) to be the ideal of L{A)i 
(resp. of L(A)^'^ ') generated by the set 

For each u G L{A)'^ we denote by u the coset of u in L(A)'p//(A)^. 
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Remark 4.2. By Lemmas 15.161 15.19[ and 15.211 that will be proved in the next section 

we see that Ujn{e^+s) e L{A)i (resp. Um(e^+s) e ^(A)/ ') for all x e Qo if A ^ Ai 
(resp. A = Ai). 

Notation 4.3. (1) For each x G Qo, the vector 5 — e^^ is a root of xa, which enables us 
to consider the indecomposable A-module := M{6 — e^)- By Lemma [3.141 we have 

(2) For each x G Aq, we set 

I ut^ otherwise, 

Note that all of these are in L{A)'^ / 1 (A)^ . 

(3) Let {Ex, Fx, Hx}x£Ao be Chevalley generators of 0(A), where {Hx}x£Ao is a basis 
of the Cartan subalgebra P) of g(A), {Ex}xeAo (resp. {-FxjxeAo) are generators of the 
positive (resp. negative) part n+ (resp. n_) of g(A). 

We are now in a position to state our main theorem. 

Theorem 4.4. Let A be a simply-laced Dynkin diagram, A a canonical algebra of type 
A and q{A) the complex simple Lie algebra of type A. Further let {Ex, Fx, Hx}xeAo ^ 
q{A) and {Bx,Cx,Vx}x&Ao ^ L{A)f / IlA)"^ be as in Notation 14.31 Then there is an 
isomorphism 

<P:g{A)^L{A)^/I{Af 
such that <f){Ex) = Ex, <P{Fx) = Cx o-nd <f){Hx) = rjx for all s G Aq. 
The proof is given in Sect. El 

Definition 4.5. (1) Let v G Ko{A). Then we set degf := v — VooS, which we re- 
gard as an element of KQ{kQ^) because (degf)oo = 0. This defines a linear map 
deg: Ko{A) K^iJiQ^), v i— *• degf. Obviously this is surjective and Kerdeg = 2,5. 
For an indecomposable A-module M, we set degM := deg ( dim M) and call it the 
degree of M. 

(2) Let f be a positive root of xa, and Vi {i G Qo) the smallest entry of v. Then 
we define orgf := v — Vi6. Since v ^ Z6, we have orgt> > 0. Note that orgu is also a 
positive root of xa with M(orgf) non-sincere by Corollary 13.71 and that orgw = degw 
if rankf > 0. 

(3) We denote by Rt{xA) (resp. Rt+{xA)) the set of all roots (resp. positive roots) 
of Xa, and by Rt(g(A)) (resp. Rt+(g(A))) the set of all roots (resp. all positive roots) 
of g(A), and set Rt_( - ) := — Rt+( - ). Then Rt+(xA:QO is regarded as Rt+(0(A)) by 
identifying Cx with Ex for all x G Qo = Aq by Gabriel's Theorem. Thus we have 

Rt(0(A)) = Rt+(xfcQO U (Rt-(XfcQO) = Rt(xfcQO ^ KoikQ')- 

Lemma 4.6. The map deg induces a surjective linear map Rt+(xA) —>■ Rt(g(A)). In 
particular, for each indecomposable A-module M with dim M ^ 26, degM is a root of 
S(A). 
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Proof. For each v G Rt+(xA) we have degf G Rt(xA) by Corollary 13.71 and hence 
degv G Rt(xfcQO=Rt(0(A)). Therefore deg(Rt+(xA)) ^ Rt(s(A)). Conversely, for 
each w G Rt(g(A)) = Rt{xkQ'-) ^ ^^{xa) there exists some t G N such that v := 
w + 15 > 0. Then again by Corollary 13.71 G Rt(xyi), and hence v G Rt+{xA)- Here 
it is obvious that degv = w. Therefore we have Rt(g(A)) C deg(Rt+(xA)), and hence 
deg(Rt+(xA)) = Rt(g(A)). □ 

Remark 4.7. In the above, set M := M{v). Then 

(1) If M is preprojective, then degf > by Corollary 13. 6[ 

(2) If M is preinjective, then degv < by Corollary 13.61 

(3) If M is regular, then degf = ± X]j=s ^Xij for some z G {1, . . . , r} and some s, t 
with 2 < s < t < p(i). 

For a root a of 0(A) we denote by 0(A)q, the root space of 0(A) with root a. 

Proposition 4.8. Let v be a positive root of xa- Then 

(1) ^ u„(„) G L{AfJI{Af; 

(2) ^(u„(„)) G 0(A)dog^,; and 

(3) Cum(t,+5) = Cum(^). 

The proof is given in Sect. [71 This immediately yields the following. 

Theorem 4.9. Let (j) be as in Theorem 14. 4^ a a root of g{A) and v a positive root of 
Xa with V — a E Z6. Then a = degv and the restriction of 4> induces an isomorphism 
from the root space 0(A)a to Cum{v)- 

4.b. Basis of the Cartan subalgebra. We now give the precise forms of r^^'s using 
the list in Proposition 13.31 Noting that [us^, — mtJ = ["^Ti, w^J = UT^Usj^'we have 

cGfc 

in the Lie algebra L(y4)(^_i). Then in L{A)i we have 



ceK 




[U5i, -UtJ = ^Uw,{K) + uxii =: hi (4-1) 



Hence 



ceRx '^Wc{K))j^^Q + uxii + UX21 if A is of type A^, 

VI = { (4-2) 

(EceA'\{o,-i} ^^-(^)) ^gf^ + ^^11 + ^^21 + ^^31 otherwise. 
For each Xij G Aq \ {1} we have 

[us.,^. , Ut.^J = ux,,, - ux,,,„, =: h^^. (4-3) 

in L{A)i , and hence 

Vxij = hx,, = ux,, - uxi,,_i . (4-4) 
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5. Preparations of proof of Main Theorem 

5. a. Non-homogeneous tubes. Throughout this section T is a non-homogeneous 
tube of rank p > 1 in T a. 

We recall some fundamental facts on nilpotent representations of cyclic quivers (^Ij)- 
Consider the cyclic quiver with p vertices 

J-) ^ a ^ a a a 

R := 1 ^2 ' ^p, 



and set A to be the path-algebra kR, which is infinite-dimensional over k. Let J be the 
ideal of A generated by all arrows. A finite-dimensional A-module M is called nilpotent 
if J^M = for some m G N. Denote by modo A (resp. indo A) the full subcategory of 
mod A (resp. indA) consisting of nilpotent A-modules. Then modo A has almost split 
sequences, its Auslander-Reiten quiver is isomorphic to T, and indo A is standard, i.e. 
indo A — ^(^) (|2ll 3.6(6)]). On the other hand (T) is also standard by Theorem 13.41 
Therefore we have 

(r) = indoA. (5-1) 

Of course, if X G T is corresponding to F G indo ^ under this isomorphism, then the 
quasi-length of X is equal to 1{Y). In particular, the modules on the mouth of T are 
corresponding to simple modules in indo A. 

Remark 5.1. The shape of T does not depend on k. In particular, indo A^^ = {X'^|X G 
indo ^} a-s sets for all K & Q. 

Lemma 5.2. For each M G indo A, we have HomA(M, rM) = if and only if 1{M) < 
p. 

Proof Since TM{i, j) = M(i + 1, j) for all {i, j) G RqxN, where Rq is the set of vertices 
of R (cf. e.g., p, Proof of Theorem 2.1]), the assertion is easily verified. □ 

Proposition 5.3. Let X G indA. Then X is exceptional if and only if 

(1) X is preprojective; 

(2) X is preinjective; or 

(3) X is in a non-homogeneous tube with quasi-length less than the rank of the tube. 

Proof. If X is preprojective or preinjective, then Hom^(X, rX) = 0. Hence by the 
Auslander-Reiten formula 

Ext\{X,X) = D{E^a{X,tX)) 

(see e.g., [3, Proposition 2.3]) we see that X is exceptional, where for each M,N E 
mod A, Hom^(M, N) is the factor space of HomA(M, N) by the subspace consisting of 
homomorphisms factoring through an injective module. Now let X be regular, then 
we have Ext\{X,X) = D {Rom a{X,tX)) because HomA(X,7^) =0. If X is in a 
homogeneous tube, then X = rX , and hence X cannot be exceptional. Assume that 
X is in a non- homogeneous tube of rank p > 1. Then by the lemma above and by 05-11) 
we have Hom^(X, rX) = if and only if the quasi-length of X is less than p. Hence 
X is exceptional if and only if the quasi-length of X is less than p. □ 
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Notation 5.4. Since End^(X) is a finite-dimensional local fc-algebra for each X G indA, 
the factor algebra Endyi(X)/ radEndyi(X) is a field, which we denote by Fa{X). 

Proposition 5.5. Let X he a module in the non-homogeneous tube T . Then Fa{X) = 



be the shortest path in T with Y an indecomposable module on the mouth of T. Since 
Y is an exceptional A-module by Proposition 15.31 we have EndA(5^) = k hj Lemma 
13. 1[ Let rad^ be the radical of the category mod A ([211 P- 53]). For A-modules 
M,N set Itt{M,N) := rad^(M, X)/ rad^(M, X) to be the (^^(Ar), FA(M))-bimodule 
of irreducible maps from M to N {[21, p. 55]). Then it follows from the shape of T 
that 



dimF^(^Y,+i)'^T^T^(yi,yi+i) = dimfclrr(yi,ri+i) = dimlii (Yi,Yi+i)F^(^Y,) = 1 

for alH G {1, . . . ,m - 1}. This shows that S{A) 3 k = Fa{Y) = Fa{Yi) ^ ■ ■ ■ ^ 
FA{Yj^FA{Xt). 

Now for each K e n, EndA(X-^)/ radEndA(X^) = F4(X)^^ is a field, and hence 



Definition 5.6. (1) Set L(T) := 0[^]g^ZM]x]. Then L(T)/(g — 1) is a Lie subalgebra 

of the Lie algebra L{A) /(g — 1) because T is closed under extensions by [21], 3.1(3)] (or 
by the fact that TZ is separating V from I). 

(2) Set Lo{A) := ©[x]g[indo A] ^""M- Then Lo(A)/(g — 1) is a Lie algebra with Hall 
commutator the Lie bracket as in Sect. 12. bl 

5.7. For each Ken letT{A^) be the non-homogeneous tube of Tak corre- 
sponding to T. Then we have 



Definition 5.8. Since modo A has Hall polynomials by [?, Theorem 2.7], we can define 




X^ G ind A 



□ 




□ 




(5-2) 



for all K eVt. 
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Proof. Since -F[^K][yif] = V^[x][y](-'^) ^/(l-^l ~ ^'^^ ^i^^Z G indoA and all 
K eVL.we have Io(A^)/(|^| - 1) = Lq{K)i/{\K\ - 1) (here notations i^f^J^^yK] are 
for A-modules) by Remark I5.1[ Hence the assertion follows by Lemma 15. 71 □ 

The Lie bracket of Lo(A)i is easily described as follows. First we have a bijection 
[indo A] ^ i?o X N defined by [M] ^^ (i, j) with topM ^ Si and 1{M) = j because all 
modules in indo A are uniserial. We identify Rq with Z/Zp, and for each & Rqx'N 
denote by m{i,j) the isoclass of the indecomposable modules in indo A corresponding 
to We choose a representative M{i,j) G m{i,i) for all (i, j) G -Ro x Then as 

calculated in [H 1.2] we have the following: For each m^i, j),m{f, g) G [indo A] 

[Um{i,j),Um{f,g)] = ^{i+j)jUm{i,j+g) " ^{f+g),i'^m{f,j+g) (5-3) 

in Io(A)i. 

Definition 5.10. Define Lo(A)i to be the Lie subalgebra of Lo(A)i generated by all 
U[s] with S simple modules in indo A. 

From the formula (15-31) we obtain the following. 

Lemma 5.11. Let X G indo A one? assume that I := 1{X) ^ Zp. If p > 2 {resp. 
if p = 2), then U[x] {resp. 2"^U[x] with m := {I — l)/2) is obtained from {u[s] \ 
S simple in indo A} by Lie brackets in Lo(A)i, in particular, we have U[x] G -^o(A)^. 

Proof. We put L to be the subset of Lo(A)i consisting of elements obtained from U[s] 
with 5" simple modules in indo A by Lie brackets in Lo(A)i. There exist a unique 
m G No and a unique r G {1, . . . ,p — 1} such that / = mp + r. We show the assertion 
by induction on Z > 1. If / = 1, then X is simple and there is nothing to show. Assume 
/ > 1. Without loss of generality we may assume that X = M(l, I). 

Case 1. p > 2, r > 1. In this case if we put t := {m — \)p + (r — 1), then 
/ = t -f- (p + 1), t,p + 1 < /, and t,p + 1 ^ Zp, which implies Mm(i,t)5 ^m(r,p+i) ^ L hy 
induction hypothesis. Since r + 1 7^ 1 in Z/Zp, we have [Mm(i,t)5 ^^m,(r,p+i)] = u\^x] by the 
formula fl5-3p . Hence U[x] ^ L. 

Case 2. p > 2, r = 1. In this case if we put t := {m — l)p + (p — 1), then I = t + 2, 
t,2 < I, and t,2 ^ Zp, which implies Um{t,t),Um{p,2) & L hj induction hypothesis. Since 
1 7^ 2 in Z/Zp we have [um(i,t),Um{p,2)] = U[x] by the formula (l5-3p . Hence U[x] G L. 

Case 3. p = 2. In this case by induction hypothesis we have 2"^~^Um{i,i-2) £ L. Then 

[[Um{l,l),Um(2,l)],Um{l,l-2)] = Nm(l,2) - Um(2,2) , Um(l,l-2)] = 2M[x] shoWS that 2''"M[x] G 

L. □ 

By (15-11) and (15-21) the lemma above implies the following: 

Proposition 5.12. Let X E T and assume that the quasi-length I of X is not a 
multiple of p. If p > 2 {resp. if p = 2), then u^x] {resp. 2"^U[x] with m := {I — l)/2) is 
obtained from {u[y] | Y modules on the mouth ofT} by Lie brackets in the Lie algebra 
H. In particular, U[x] G L{A)f by Lemma 13.141 

□ 
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Remark 5.13. In other words, the last statement above is stated as follows: Let w be a 
positive root of xa- If M{v) is regular, then Um{v) G L{A)'f. In particular, if M{v) is 
exceptional, then Um{v) £ -^(^)i- The last statement also follows by Proposition 13.141 
because in this case M{v) is not sincere. 



The following is obvious by the formula f l5-3p : 
Lemma 5.14. In Lo(A)i we have [um{i,sp),Um(j,tp)] = for all i,j G Rq and for all 

s,ten. ' ' □ 

Proposition 5.15. Let T be a non-homogeneous tube o/ F^, and let X,Y E T . If 
both dimX and dim Y are in Z5, then [u^x], U[y]] = m 11. 



Proof. Both the quasi- lengths of X and Y are multiples of p by Sect. |3.g| Hence the 
assertion follows from the lemma above by f l5-2p . □ 

5.b. Regular root modules modulo S. 

Lemma 5.16. Let v be a positive root of XAwith M{v) a regular module. Then there 
exists an X G QoVlljOo} which is determined by v modulo Z(5 such that [Ufn{v), hx] = 

Proof. Set M := M{v). Then M is in a non-homogeneous tube T of rank p > 1. Let 
{Si I i G Z/pZ} be the set of quasi-simples in T with S'j+i = rSi {i G Z/pZ). Then 
M = Si[t] for some i G Z/pZ and t G N with p\ t. Express t as t = mp + r with m > 
and 1 < r < p - 1. Then U[5^_^^[p]] - u^^^^^^^jp]] = h^ for a unique x e Qo \ {1, oo} (x is 
determined by i + r) and we have 

Next we show that the vertex x E Qq is determined by v modulo Z5. Let v' be another 
positive root of xa with M{v') regular and assume that v — v'e Z6. Then M{6') is also 
in T and M{5') = Si>[t'] for some i' G Z/pZ and t' G N with p f t'. Let t' = m'p + r' 
with m' > and 1 < r' < p — 1. Then since v — v' E Z6, we have i = i' and t — t'E pZ. 
Hence r = r' and thus i + r = i' + r' as desired. □ 

Remark 5.17. Let f be a positive root of xa with M{v) a regular module. In this 
case v' := orgt> (see Definition 14.51) is the unique positive root of xa such that M{v') 
exceptional and v — v' E Z6. As easily seen it is given by 



orgt> 



degt> if degf > 0; 
degv + 6 otherwise. 



Proposition 5.18. Let v be a positive root of xa with M(t>) a regular module. Then 

Proof. Set v' := orgv and let m be the non- negative integer such that v = v' + m6. It 
is enough to show that 

for all t = 0, 1, . . . , m — 1. By Lemma [5.161 we have 



DOMESTIC CANONICAL ALGEBRAS AND SIMPLE LIE ALGEBRAS 23 

for alH = 0, 1, . . . , m — 2. Hence it is enough to show that 

Um{v'+S) — Ujn{v') G I (A). 

Let T be the non-homogeneous tube containing M{v'). Then the set of quasi-simple 
modules in T is equal to S := {M(ej2), ^(eja), . . . , M(ejp(j)), M(i;j)} for some i G 

{1,2,3}, where Vi := 6 — Yl^=2^ij- P ■~ ■~ ^ij (j = 2, . . . ,p) for short. 

And for each ? G Z/pZ, we set m,- := < "^(^«) J ^ quasi-length 

' I otherwise. 

of M{v'). Then 1 <t < p — 1 and there exists some j G Z/pZ such that 

Case (i). If {j, j + 1, . . . , j +t — 1} 7^ {1}, then there exists some s G {j, j + 1, . . . , j + 
t - 1} \ {1} such that 

Hence we have 

which is in I{A) because vim{es+5) ~ ^m(es) ^ I {A). 

Case (ii). Otherwise, we have v' = Vi. Then \im(v') = [^m{vi-e-i_),'^m{ei)] and 

Um(t)'+(5) = [Um{vi-ei),'^m{ei+5)]- SiuCC Um{vi-ei) ^ L{A)i and el{A) 

we have 

□ 

5.C. Simple modules modulo 5. 

Lemma 5.19. Assume that A 7^ Ai. Then for each t e'Hq we have the following. 

(1) [u.m(ei+t<5); ^12] = Um(ei + (t+l)<5) ; and 

Proof. We only show the statement (2), the first one is shown similarly. Now /?.ip(i) = 
^[^ip(i)]~^[^i p(i)-i] ^ -^(^)i' ^"^^ hence it is enough to show the following two equalities: 

[Um(eoc+t5),U[Xip(i)]] = \lm{e^ + {t+l)5)] (5-4) 
[u™(e^+t5),U[Xi,^(i)_i]] = 0. (5-5) 

The equality f l5-4p holds if and only if for all G we have 

[U[M(e^+t5)'<],UyxK^^^]\ = UiMie^+it+m^] {mod{\K\ - 1)). 

Since = 0' ^"^^^ KZZlt5)^%,,,, = ^- '^^ ^"""^ "^"^ """^^ 

have to show the following: 

Fute^lmx'^ =1 (5-6) 
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because the value of the right hand side does not depend on q. Similarly the equality 
fl5-5p holds if the following holds: 



^M(eoo + (t+l)<5) 
M(eoo+i<5),^i,p(i)_i 



0. 



(5-7) 



First we show (15-71) . Let / G HomA(Xi^p(i)_i, M(eoo + {t + 1)5)). Then we have a 
commutative diagram 





k 



k 

fipd) 
k'+\ 



which shows that /i,p(i) = 0, and that / is not a monomorphism. Therefore there is no 
exact sequence of the form 

^ ^ M(eoo + (t + 1)5) ^ M(eoo + 15) 0, 

which proves the equality (15-71) . Next we show the equality (15-61) . Assume that we 
have an exact sequence 







M(eoo + (t + 1)5) M(eoo + U) ^ 0. 



Then the direct calculation shows that 


/oo = ^ e Mat(i+2)xi(/i;), fl-c 

a 




^1 



/i 





a 



e Mat(t+i)xi(/i;), S'c 



* ■ ■ 

b * 






* c 



^1 



e Mat(i+i)x(t+2)(A;) 



G Mat(i+i)x(t+2)(fc) 



for some a,b,c & k. Therefore we have 
b c 



9o 







c 
6 



e Mat(t+i)x(t+2)(A;), 5'i 



b c 

b 









c 
6 



e Mat 



tx(t+l) 



Then / is a monomorphism, g is an epimorphism and gf = if and only if a 7^ 0, c = 
and b 0. Hence we have |W^j\^(e^r+/<5^^r''(i) I ~ ~ ■'-)^' 'which shows the equality (15-61) 
(see Sect. II. bp . □ 



To deal with the case that A = we need the following formula: 
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Lemma 5.20. Assume that A = Ai. Let K e ^, l,m e No and X G indA^ . Then 
we have 

pM(ei+m5)^ _ pM(eoo+m<5)^^ _ j 1 if I < m, dimX = {ui - 1)5 

^XMiei+is)'^ - ^M(e^+i5)K,x " |q otherwise. 

Proof. This follows from a direct calculation, or from Szanto [29l Lemma 1.3]. □ 

Using the lemma above we obtain the statement corresponding to Lemma 15.191 in 
the Ai case. 

Lemma 5.21. Assume that A = Ai. Then for each t eNq we have the following. 

(1) [hi,Ujn{ei+t6)] = 2um(ei+(t+i)5); and 

(2) [Ujn{eo^+t5),hi\ = 2Um(e^ + (t+l)5) ■ 

Proof. (1) It is enough to show that EcGA" ^W'c(i^) + «Xn, = 2Um{e^+{t+l)5)'< 

in L[A)i/ [\K\ — 1) for each K E VL. By Lemma 15.201 the left hand side is equal to 
{\K\ + l)um{ex+{t+i)5y< 1 which is equal to the right hand side in L{A)i/ {\K\ — 1). 
(2) This is shown similarly. □ 

Proposition 5.22. For each x E Qo and t eN, we have 

^jHA) ifA^A,- 

Um(e^+t5) Um(e^) t < J^^^jZ[2-l] if A = Ai 

Proof. If X 7^ 1, oo, then v = + t6 is a. positive root with M{v) a regular module 
and degf = e^, and hence the statement holds by Proposition 15. 18[ Now let x = 1, oo. 
First we consider the case that A ^ Ai. It is enough to show that \im{e^+{t+i)5) — 
^m{ex+t5) ^ -^(^) by induction on t G Nq. This holds for t = by definition of I{A). 

{hi2 if X = 1 
we have U„(e, + (t+l)5) - Um{e^+tS) = 
/iip(i) if X = oo 

[um(ej;+i<5) ~ Um{e^+{t-i)5) , u] by Lemma [5.191 Since u G L{A)i, the right hand side is in 
I (A) by induction hypothesis. Next consider the case that A = Ai. Then by setting 

M := 1^ ^ if X - oo ^ [Um(e,+t5)-Um(e,+(i-l)5),M] 

for each t > 1 by Lemma [5. 21 [ This proves the remaining statement. □ 

5.d. Stability of Hall numbers. Let K G and X,Y E indA^. If v := dimX + 
dim y is a root of x , then we set 

blxUY] ■= (fS'^'' - ^yT") + (1^1 - m e Z/m - 1)Z. 

Note that in this case we have [u[x], U[y]] = b[x],iY]Um{vy< ^ L{A^)/ {\K\ — 1) and &[x],[y] 
is uniquely determined by this property. 

Proposition 5.23. Assume that A ^ Ai. Let K E ^l, X E indA^, and x E Qq. If 
dimX G Z6, then for any t eN we have 
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Proof. We have dimX = d6 for some d By Lemma [5.161 and Lemma [5. 191 there 

exists some Xij G Qo \ {I7O0} such that u := m^k — satisfies Mm(e^+t5)A' = 

['Wm(e^+(t-i)5)^^'; H ^^r any t G N. By Proposition 15. 151 we have = 0. Then 

[U[X],Umie^+t5)K] = [""[X] , [Mm(e, + (t-l)<5)^ ' 

= [[u[x],U^^e^ + (^t-l)5)K],u] + [M„(e,+(t-l)5)K, 

= &[X],m(e, + (t-l)<5)^'"m(e,+{i+d)5)^5 

which shows b[x],m{e^+t5)'< = b[x],m{e^+(t-i)sy< ■ By repeating this we obtain the asser- 
tion. □ 

When A = y4i, we have the following by Lemma [5.201 

Proposition 5.24. Assume that A = Ai. Let m e N, K e ^l, and X e indA-^. // 
dimX = m6, then for each x G Qo = {1, 00} and each t G N we have Fxtiie")^ — 

M(e. + {t+m)S)'< rj.. 



K . 



5.e. Hall polynomials. 



Lemma 5.25. If M and N are preprojective A-modules, then there exists polynomials 
(^^5v(T),(^]t'*eZ[T] such that 

F^N^ = <Nm) and F^'^^^ = 

for all K eVt. 

Proof. Since the class of preprojective A-modules are closed under submodules, the 
images of homomorphisms between preprojective A-modules are again preprojective. 
Noting this the statement can be shown by the same argument as in the step (4) of 
the proof of [23l Theorem 1] if we replace the whole Auslander-Reiten quiver of A by 
its preprojective component. The details are left to the reader. □ 

Proposition 5.26. // M and N are preprojective A-modules and S is a simple A- 
module, then there exist Hall polynomials v?^, V^]v5- 

Proof. If dim M — dim 7^ dim 5*, then we can take ip^^ = 0, (p^g = 0. Assume that 
dimM — dim A" = dim S. Then since any A-module having dimension vector dim S is 
isomorphic to S, we can take ip^'^ = (pfj^ and (p^g = ipf^^ by using Lemma [5.251 □ 

Recall that an algebra is called representation- directed if it is representation-finite 
and its Auslander-Reiten quiver does not contain oriented cycles ([23]). By Corollary 
13.131 an A-module X is non-sincere if and only if supp X is representation-directed 
because the latter is equivalent to saying that suppX is representation-finite in our 
case. Note that regular exceptional A-modules are non-sincere, for which we apply the 
following later. 
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Proposition 5.27. Let M and N be preprojective A-modules. If X is a non-sincere 
A-module, then there exists a Hall polynomial fxj^. 

Proof. Since X is non-sincere, suppX is representation-directed as explained above. 
Noting that any A-module with dimension vector dimX is a module over suppX, the 
assertion can be shown by the same argument as in the last step of the proof of [23| 
Theorem 1]. For the benefit of the reader we outline the proof. 

If dimM 7^ dimX -|- dimX, then we can take fxN ~ 0- Therefore we may assume 
that dimM = dimX -|- dimX. We define ipxN induction on dimX G Kq{A) (here 
Kq{A) is regarded as a poset by the order defined in Definition II. 5p . If dimX = 0, 
then we may take v^^tv — ^- Assume dimX 7^ 0. Let X = @^lX^^'^ be a direct 
sum decomposition of X into pairwise non-isomorphic indecomposable A-modules Xj. 
If m = 1, X is called homogeneous. Note that all Xj are modules over suppX and 
regarded as vertices in the AR-quiver T of suppX. Since suppX is representation- 
directed, we can regard the set Tq of vertices of F as a poset by defining an order as 
follows: For x, ?/ G F, x is smaller than y if and only if there exists a path from x to y 
in F. We may assume that Xi is minimal among all Xj in Fq. 

Case 1. X is non-homogeneous (i.e., m > 1). Let X'; = xf^-* and X" := X]-**-*. 
Then X = X' © X", HomA(X",X') = and Ext\(X',X") = 0. We define y^f^ as 
follows. 

rxN ■— / , Vx'vVx"N} 
v&v 

where V is a complete set of representatives of isoclasses of submodules ^ of M such 
that dim V = dim X" + dimX. Then all the terms on the right hand side are already 
defined by the induction hypothesis because X, V, M are preprojective and X', X" are 
modules over suppX. Here we can show that (PxN ^ Hall polynomial, i.e., that 
~ ^x^NK -ft' G fi, by using the associativity of Hall multiplication 

and the facts that HomA(X",X') = and Ext^(X',X") = 0. 

Case 2. X is homogeneous. In this case we define <y^x7v follows. 

U&A 

where is the polynomial defined in Lemma 15.251 and W is a complete set of 

representatives of isoclasses of modules U over suppX such that dim U = dimX and 
U ^ X. Here we see that each U E U cannot be homogeneous because if U is 
homogeneous, the condition that dim U = dimX implies U = X. Hence the right hand 
side is defined by Case 1, and it is easy to see that this (Pxx is a Hall polynomial. □ 

Dually we have the following. 

Proposition 5.28. Let M and N be preinjective A-modules. If X is a non-sincere 
A-module, then there exists a Hall polynomial ipfJx ■ 

This proposition proves the following. 
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Corollary 5.29. Let (xi,a;2, . . . he a permutation of elements in Aq with xi = 1 
such that ^ [F^.^, F^^, • • • , -Fx„] ^ 0(^)- Set fi := 5 — e^^ for all i = 1, . . . ,n. Then 
there exist Hall polynomials ^M[fiX--X'f\-l)^M\fi) all i = 2, . . . ,n. □ 

6. Proof of Main Theorem 

In this section we prove our main result Theorem I4.4[ First we show the following. 

6. a. Claim. There exists a homomorphism 

: 0(A) ^ L{A)^/I{Af 

such that 4>{Ex) = e^, <P{F^) = (x, 4>{Hx) = r]^ for all x G Aq. 
Indeed, it is enough to verify the following equations for all x,y E Aq: 



(ade^.) 
(adC.) 



[Vx,Vy] 


= 


(6-1) 


[^xj Cx] 


= Vx 


(6-2) 


i^xy Cy] 


= 0, iixj^y 


(6-3) 


[Vx,£y] 




(6-4) 


[VxXy] 


^xyCy 


(6-5) 


1 0,xy rr 


= 0, iix^y 


(6-6) 


l—axy/- 

'^y 


= 0, iixj^y 


(6-7) 



(see dSni) for a^y). 
Verification of ( 16-21) . This follows from the construction of rj^s. 
Verification of (16-11) . 

Lemma 6.1. Let K & Q and {Tp)p^^i(^K) the tubular family in modA''^. If X and Y 

are indecomposable A^ -modules contained in tubes Tp and 7^, respectively with p ^ o , 
then \ux,uy\ = m L{A^)I(\K\ - 1). 

Proof. First note that there are no nonzero homomorphisms between indecomposable 
A''^- modules contained in distinct tubes because the tubular family (7^)pgpi(7i-) is stan- 
dard (Definition 13.51 (2)). If there exists an exact sequence of the form 

in mod A with M indecomposable, then rankM = rankX + rankF = shows that M 
is contained in a tube Tx (A e F^{K)). But / ^ and ^ ^ shows that p = A and 
A = cr, thus p = a, a. contradiction. Hence there are no exact sequence of this form. 
By the symmetry of the argument the same statement still holds even if we exchange 
X and Y. Hence [ux, uy] = in L{A^)/{\K\ - 1). □ 

For each K E fl the lemma above shows that [uwc(k), uw /(k)] = 0, [uwdK), Uxf^] = 0) 
[uxKyUxK] = for all c,c' E K \ E^, c^ij, c^st ^ Qi with c ^ c' and i ^ s (see f l3-4p ). 

ij s t ^^^^^^ 

It is trivial that [uw^{k), uwdK)] = for all c G -ft' \ -Ea, and also by Proposition 15.151 
we have [uxKtUxk] = for all aij.au G Qi . Therefore we have [ux^uy] = for all 
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indecomposable A^-modules X, Y with dimension vector S and for all K E Q. Hence 
by (03) and (|13D we obtain the equation (lU^ . 

Verification of ( l6-3j) . Let x,y G Aq with x ^ y. Assume that there exists an 
indecomposable A-module M with dim M = dim Sr + dim T^ = + S — Cy. Then M 
is an indecomposable module over its support algebra B := suppM = A/AeyA with 
dimension vector w, where Wz = 1 ii z x; and Wz = 2 if z = x for all z G Aq \ {y}. If 
y = 1, then i? is a hereditary algebra of Dynkin type A. Since if is a dimension vector 
of an indecomposable 5-module, we must have x = oo, a contradiction. Hence if j/ = 1, 
then there exists no indecomposable A- modules of dimension vector dim S^. + dim T,, 
, and we see that [ex;???/] = 0. Assume next that y 1- Then since w is a dimension 
vector of an indecomposable 5- module, A is not of type An and also a; = 1. In this 
case we see [us^,UTy] = ~ 1)mm- Thus if we replace k with any K E Q, we have 
[us^,UTy] = {\K\ — 1)um = in L{A^)/ {\K\ — 1). Hence in any case we have the 
equation fl6-3p . 

Verification of (16-61) . Let x,y E Aq with x ^ y. 

Case 1. x,y are not neighbors in A. In this case 1 — a^^y = 1, and we have to show 
= 0. Now since x,y are not neighbors in A, there exist no indecomposable 
^-modules of dimension vector dim + dim Sy. This shows [Ex, £y] = 0. 

Case 2. x,y are neighbors in A. In this case 1 — axy = 2, and we have to show 
[^x, [£x,£y]] = 0. If this is nonzero, then there exists an indecomposable A-module M 
with dimM = 2 dim + dim Sy . But the support algebra of M is the algebra given 
by the full subquiver of Q consisting of the vertices x, y, which is of type A2. Over this 
algebra M is still indecomposable but dimM = (2, 1), which is impossible. 

Verification of ( 16-71) . Let x,y E Aq with x ^ y. 

Case 1. x,y are not neighbors in A. By the formula fl3-2p we see 

x(dimT^. + dimTy) = x(2(5 - - Cy) = 2. 

Hence there exist no indecomposable A-modules of dimension vector dim T^. + dim T^, 
which shows that [(x, (y] =0, as desired. 

Case 2. x, y are neighbors in A. Again by the formula (13-21) we see 

x(2dimTa. + dimTj^) = x(35 - 2e^ - ty) = 7. 
Hence similarly we have [(x, [Cx, Cy]] = 0, as desired. 

Verification of ( l6-4h . Let x,y E Aq. Since x{^ + ^y) = 1; we have an indecomposable 
y4-module M = M{6 + Cy). By Proposition 15.221 we have = £y 
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Case 1. y 1, say y = Xgt for some s, t with t > 1. In this case we may assume that 
M = {M{z),M{a)) z^Qg^aeQi has the following structure: 



M{z) 



k otherwise, 



(0,1) if (2,j) = (s,t-l); 
V ^ _i if , s + e I 1,3,1 



(z,s,t)G{(l,3,l),(2, 3,1), (3,2,1)}; 
1 otherwise 

because this gives an indecomposable A- module of dimension vector 6 + Cy. Now since 

soc M = 5*1 © 5*^,, and top M = Sy Q) Soo, we have 

^l. = {N} = J'lx.,^,, and = {S} = T^^^s^ 
for some = Xg^t-i and S = Sy. Therefore we have the following formula: For any 

Ken, 



[ux^,UskJ = <j -Umk if = is,t-l); (6-8) 
otherwise; and 

[uw4K),UskJ = for all c e i^r \ Ea 
in L{A^)/{\K\ - 1), where is as in fM . 

Case 1.1. X 7^ 1, say x = Xij for some In this case rj^ has the form (14-41) . 
Case 1.1.1. X = y. In this case a^y = 2. By the formula (l6-8p we have 

[ux,,,us,J = Um 
[ux,,,.„us^J = -Um 

Therefore [ux,^ - ux^^j^i^us^^^] = 2um- This shows that [r]x,£y] = '2,ey = axySy. 

Case 1.1.2. x ^ y and x, y are not neighbors in A. In this case a^y = 0. Again by (16-81) 

we have [uxij,uxy] = = [uxij_i,usy]. Thus [?7x,£y] = = ao^ySy. 

Case 1.1.3. x ^ y and x,y are neighbors in A. In this case a^y = —1, and x G 

{xs,t-i, Xs,t+i}- When x = Xs,t-i, it follows from [uxs,t^i,us,J = -um and [uxs,t^2^us,J 

(by (jelHD) that [r/^., Ey] = -Ey = a^yEy. When x = Xs,t+i, it follows from [ux,^t+i^Us,J = 

and [ux.t^us^J = um that [r]x,ey] = -Ey = a^yEy. 

Case 1.2. x = 1. In this case x ^ y and rjx has the form (14-21) . 

Case 1.2.1. x,y are not neighbors in A. Then axy = and t > 3. By (l6-8p we have 

\j]x: axyEy. 

Case 1.2.2. x,y are neighbors in A. Then axy = —1 and t = 2. By (16-81) we have 
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M{z) 



e if 2 = 1; 
k otherwise, 



Q if (z,j) = (i,i); 
^ ''^ ^ -Q if(^j) = (3,i); 

1 otherwise. 



Then as easily seen for any K & Q we have 



r 1 if X ^ W^{K) (for some c G K) or Xf^; 
1 otherwise. 

for all incecomposable X with dimX = 6. (6-9) 

Case 2.1. x 1, say x = Xij. Then x ^ y and r/x has the form fl4-4p . 

Case 2.1.1. x^y are not neighbors in A. In this case a^y = and j > 3. By f l6-9p we 

have ['nx,£y] = = a^ySy. 

Case 2.1.2. x,y are neighbors in A. In this case a^y = —1 and x = Xi2- By (16-91) we 
have [ux,^,us^] = and [ux,i,us^] = um and hence [ii^^Sy] = -Sy = a^ySy. 
Case 2.2. x = 1. Then x = y = 1 and a^y = 2. By fl6-9p we have for any K E Q 

["^Uw^iK) + UxK,Usk] = {\K\ + 1)Umk = 2Umi< 

in L{A^)/{\K\ - 1). Therefore [rji^Si] = 2ei = auEi. 



5f ,X 



Verification of (16-51) . Set fx '■= S — ^x for all x G Qq. First we show the following. 

Lemma 6.2. For each x E Aq we have Um(f^+5) = Um(f^)- 

Proof. If x 7^ 1, then fx+S is a positive root of xa with M{fx + S) a regular module, and 
org(/a, -(- (5) = fx- Hence the assertion holds by Proposition 15.181 Now let x = 1. First 
we assume that A is not of type An- We may assume that the module M := M(/i -|- 6) 
has the following structure: 



M{z) 



k if 2 = 1; 
k^ otherwise. 

(1,0) if (2,j) = (i,i; 
(0,1) if (z,j) = (2,i; 
-(1,1) if (z,j) = (3,i; 



(6-10) 



otherwise. 
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By looking at this structure we easily see that the following equalities hold: 



""^(^-i.Pd) ) ' ) ' • • • ' )] ; and 



^rn{fi) [Um(eoo)5 ^^(e^gj), ^m(e^2,p(2) ) ' ^'"(^^2,p(2)-i ) ' ' ' ' ' ^^"(6^22)' 

"'^('=^i,p(l))' ^'^('=^i,p(l)-l)' ■ ■ ■ ' ^"^(e^i2)]' 

Hence we have 

Um(/i+(5) ~ ^m(/i) = [Um(eoo+5) ^m(eoo)5 ^01(62:32)) ^"1(62:2,^(2))' ^"^(^^2,p(2)-i ) ' ' ' ' ' ^"^(^3:22)' 

is in /(A)*^ because so is Um{e^+s) — Um{e^) by Proposition I5.22[ 

Finally a similar argument works also in the An case. □ 

Case 1. y ^ I, say y = Xij (i G {1, . . • ,r}, j G {2, . . . In this case (y = ^m{fy) 

and M{fy) is a regular exceptional module contained in a non-homogeneous tube Tp. 
Note that for each s G {1, . . . , r} and t G {2, . . . ,p{s)} we have X^t G 7^ if and only if 
s = i. By Lemma [6. II we have 

[MiycCA-), = yce K\ Ea; and 

= Vs G {1, . . . ,r} \ {i},\ft G {2, . . . 

If s = i, then we can calculate the bracket [uxk ,Um{fy)K] in Tp using fl5-3p as follows. 

-Um(fy+5)K if J = 

[m^k, = \ Ura{fy+5)'< j = t + I] and 

^ otherwise. 

Using this we now calculate [rjx, Cy]. 
Case 1.1. X = 1. For any G fi, we have 

[ ^ Uw,(K)+Uxf^^ ^ ^X^^^Ura(fy)K] = [UxK, Um(fy)K] 

ceK\EA 

-Um(fy+s)K if j = 1 (i.e., y = l, impossible) 
Um{fy+5)K if j = 2 (i.e., y = Xi2) 
otherwise (i.e., y = Xij,j > 3) 

= —axyUm{fy+5)^ ■ 

Hence we have [rixXy] = ~(^xyCy by Lemma \^?2[ 
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Case 1.2. x 7^ 1, say x = Xst{s G {1, . . . , r} and t G {2, . . . ,p{s)}). Let K & Q. If 
s i, then a^y = and [mj^k — -Uj^k = = —axyUm{fy)K . Thus in this case 

we have [rj^^ Cy] = —a^yCy Therefore we may assume that s = i. 



+ 





iij=t 




ifj=t + l 




otherwise 




ifj=t-l 


i UmUy+S)^ 


ifj=t 




otherwise 


—axyUm{fy+5)'< ■ 





Hence also in this case we have [q^, Q] = —a^yCy by Lemma [6. 2 [ 

Case 2. y = I. In this case Ci = ~Um(/i)- Using the structure of M(/i + 6) described 
in (16-1 op we can calculate Hall numbers as follows: For any K & Q 

^MUi+s)'' ^ fi if J = 1; 

M{h)''x^^ |0 otherwise. 

^M{h)Kw,{K) - ^ tor an c G A. 

Further since there are no nonzero homomorphisms from preinjectives to regulars, we 
have 

^x'^Miji)^ — for all indecomposable X with dimX = 5. 
These enable us to calculate [^^^^Ci]- 

Case 2.1. x = 1. In this case an = 2. For any K eVL we have 

c&K 

in L{A^)/{\K\ — 1). Hence by Lemma [6.21 we have [r7i,Ci] = ^cluCi- 

Case 2.2. x,y are neighbors in A, i.e., x = Xij with j = 2. In this case axi = —1. For 

any i^' G f2 we have 

[UxK - UxK,Um{f^)K] = 

Hence by Lemma \^7I\ we have [//x^Ci] = ~(^xiCi- 

Case 2.3. x,y are not neighbors in A, i.e., x = Xij with j > 3. In this case axi = 0. 
For any K G we have 

Hence by Lemma [6.21 we have [//^jCi] = ^o-xiCi- This finishes the proof of the claim. 



34 



HIDETO ASASHIBA 



6.b. Injectivity of 0. We next show that : g(A) — L{A)'^ / I{A)'^ is injective. Since 
g(A) is simple, it is enough to show that Im0 7^ 0. First we consider the case that 
A Ai. In this case X12 exists, and we set 62 63,^3, E2 :— Ey.^^ for short. Then it 

is enough to show that <f>(-E2) 7^ 0, i.e., that Vim{c2) ® Ic ^ -^(^)^! where Ic stands for 
the identity 1 G C. Denote by 1q the identity 1 G Q. Since the canonical isomorphism 
{L{A)^/I{A)'^)^ ^ L{A)'^/I{A)^ sends the coset of u„(e2)®lQ to that of vim(e2)®^c, we 
have only to show that Um(e2)®l(Q ^ I{A)'^. Assume that VL„i(e2) = Um(e2)® 1q ^ I{A)'^. 
Then by definition of I{A) there exist a finite set J C (J^^j^ Qg^'^and an (aj)jgj G Q'^ 
such that Um{e2) is expressed as a linear combination 

u„(.„ = E ".[u™,..,.,,, u„,.„„„ . . . , u„,.„.,_.,), - U„,.„.,)l, 

ieJ 

where wc piit i = (i(l), . . . , i(tj)) for alii G J. Take an a G N such that aoj G Z for all 
i & J. By renaming aoj as Oj, we have 

flU^(e2) — Qi[Um(ei(i))) ^^(6^(2))) ■ ■ ■ ) ^m{ei^t._i)), ^m{ei^t.)+S) ~ ^m(ei(t.))]) 

with aj G Z for all i G J. We put 



(ii := ^ ei(j) and e{i) := ei(t,) 
for all i G J. Then for each K E Q we have 

«'"m(e2)^ = «i['"m(ei(i))^) '""1(6^(2))^) • • • ) '"m(ei(t > ""771(6(0+5)^^ " '"m(e(i))^] 

iGJ 



""771(6(1))^] 



i6J2 

inX(A^)/(|i^:| -1) where Ji := {i e J \ di e Z6 + e2} and J2 := {i G J | ^Z5 + e2}. 
Here since L(A^) /{\K\ — 1) is a free Z/(\K\ — l)-module with basis [ind A^] which is a 
disjoint union of the subsets {[X] G [ind^^] | dimX G Z5 + e2} and {[X] G [ind^^] | 
dimX ^ Zd + 62}, we have 

ai*m(e2)^ = X/ ^*['"m(ei(i))^' '"m(ei(2))^) ■ ■ ■ ) '"m(ei(t , ■^m(e(i)+(5)^ - 1*m(e(i))^]- 

We can write di — Si5 + 62 for some Si & Z. Now we have 

'G(Z/(|/r|-l)Z)«„(d,_e(i)) ifx(t^^-e(^))G{0,l} 

L^im(e,(i))^, ^im(e,(2))^, ■ ■ ■ , ^^m(e,(,,_i))^J S _ ^ Otherwise. 
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Here, 

X{di - e{i)) = B{siS + 62 - e{i), SiS + 62 - e{i)) 

= slB{5, 5) + Si{B{5, 62 - e{i)) + B{e2 - e{i), 5)} + B{e2 - e{i), - e{%)) 
= B{e2, 62) - {B{e2, e{i)) + B{e{i), 62)} + B{e{i), e(e)) 
G 2- {2,0,-1} = {0,2,3}. 

Hence x{.di-e{i)) g {0, 1} x{.di-e{i)) = <^5(e2, e{i))+B{e{i), 62) = 2 <^ e(i) = 62- 
Therefore by putting Jq := {« G Ji | e{i) = 62} = {i E J \ di E Z6 + 62, e{i) = 62} we 
have 

For each i G Jo set Jj := {[X] G [ind A-'^] | dimX = SiS}. Then noting that di — e2 = Si6 
for all i G Jo, we see for each i G Jq and for each [X] G li there exists some ^ 
Z/(|ir| - 1)Z such that 

[Mm(e,(i))^,'«m(e,(2))^,---,Wm(e,(t^_i))*-] = ^^-W^W" 

Then 

["m(e»(i))^'^rrt(e,(2))^5 • • • ,'«m(e,(i^_l))^f ,«m(e2+5)^] = , Wm(e2+5)^] 

[X]eh 

= ^ 6i,[X]&[X],m(e2+<5)^'"m(e2+(s,+l)5)^f , 

and 

[Mm(e,(i))^f ,Mm(e,(2))^) • • • ) Wm(e,(t^_i))^,«m(e2)^] = X] W W ' "m(e2)^] 

^ ^ ^j,[X]&[X],m(e2)^'"m(e2+Si<5)^- 

Here by Proposition 15.231 we have fe[js:],m(e2+5)^ = ^[x],m(e2)^' [^] ^ -^i- Hence we 

obtain 

hmCeifi))^, Wm(e.(2j)if , . . . , Mm(ei(i._i))^ 5 Mm(e2+5)Jf —' Um(e2)^] = Q (-^) ('^^m(e2+{si+l)<5)^f — '^^m(e2+Si<5)^^' ) ) 

where we put Ci{K) := X][x]g/i ^«>M^M,m(e2)^ ^ ^/(l-^l ~ 1)^- ^ consequence, we 
have 

0'Mm(e2)^ = ^ CtjCi(-ft')('Um(e2 + (si+l)<5)^ — '"m(e2+Si<5)^ ) • 

ie Jo 

From this formula, it is easy to see that a = in 7j/{\K\ — 1)Z for all K ^ Q. Hence 
a = in Z, a contradiction. Hence we must have Um(e2) H^)'^^ ^^"^ hence Im0 7^0. 

Also in the case that A = Ai, a similar argument works by Proposition 15.241 to show 
that Im0 7^0. 
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6. C. Surjectivity of 0. We finally show that is surjective. It is enough to show 
that £00 £ Im0 because L{A)^/I{A)'^ is generated by {e^ \ x G Qo} and we already 
know that {e^ | x G Qo \ {00}} C Im0 by definition of 0. There exists a permutation 
{xi, . . . , Xn) of Aq such that [F^.^, ■ ■ ■ , F^^] 7^ in 5(A) (see ll.al) . Thus by 16. bl we have 
[Cxi, • • • , Cx„] 7^ in L{A)^/I{A)^. Set f^:=6-e^ = dimT^ for all x G Aq and note 
that 

J] = J] (5 - e.) = (n - 1)5 + eoo. (6-11) 

Since 5(5, Cqo) = 1, B{eoo, S) = —1 and -B(eoo, Cqo) = 1 we have x((^ ~ 1)^ + ^oo) = 1- 
Hence there exists a unique indecomposable A-module M with dimM = (n — 1)5 + Coo 
up to isomorphisms. Hence we have 

[Cxi, • • • , Cx„] = ic{K)u[MK])Ken 

for some c{K) G Z/{\K\ - 1)Z for each K e Vl. By Corollary [523 there exist Hall 
polynomials 

Therefore there is some c G Z such that c = c{K) (mod \K\ — 1) for all K & Vt. 
Thus 7^ [Cxi5 • • • 5 Cx„] = cujv/ and we have c 7^ 0. By Proposition 15.221 we have 

VLM = Um{eoo) = ^oo- HcUCC £00 = ^[Cxi, • • • , Cx„] ^ Im 0. 

As a consequence, 0: g(A) — L(yl)'p//(A)^ is an isomorphism. □ 

7. Root spaces 

In this section we prove Proposition 14.81 

7. a. Gabriel-Roiter submodules. We first recall the definitions of the Gabriel- 
Roiter measure and of Gabriel-Roiter submodules (see Ringel [28] for details). 

Definition 7.1. Let M G mod A and / the length of M. 

(1) The Gabriel-Roiter measure fi{M) G Q of M is defined by induction on / as 
follows. If / = 0, then /i(M) := 0. If / > 0, then 

2^' if M is indecomposable; 
otherwise, 

where M' runs through all proper submodules of M (for the existence of this maximum 
see [2H1 Section 1]). 

(2) If M is indecomposable and M' is an indecomposable submodule of M with fi{M') 
maximal, then we call M' a Gabriel-Roiter submodule {GR- submodule for short) of M 
and the embedding M' ^ M a. Gabriel-Roiter inclusion {GR-inclusion for short). 

(3) A monomorphism u is called mono-irreducible if (i) u is not a section, and (ii) 
for every factorization u = u"u' with u" a monomorphism, either u' is a section or u" 
is an isomorphism. 

We cite the following from [28. Section 2]. 



a(M) := max u(M') + 

M'<M 
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Proposition 7.2. (1) GR-inclusions are mono-irreducible. 

(2) The cokernel of a mono-irreducible monomorphism between indecomposable A- 
modules is indecomposable. 

(3) Let Y be an indecomposable A-module with a GR-submodule X and let U he a 
submodule of Y isomorphic to X. Then U is also a GR-submodule of Y , and hence 
Y/U is again indecomposable by (1) and (2) above. 



Lemma 7.3. Let Y be an indecomposable A-module with a GR-submodule X. 
dimY/X ^ Z6, then = ^y/x,x- 



If 



Let U e Tlx. 



Then since Y > 



Proof. It is enough to show that — -^y/xx- 

U = X, both Y/X and Y/U are indecomposable by the proposition above. But since 
dhnY/U = dimF/X ^ Z6, we have Y/U ^ Y/X. Hence U e Ty/x,x- ^ 

Proposition 7.4. Let Y be a preprojective indecomposable A-module with a GR- 
submodule X . If dim Y/ X ^ Z5, then there exists a Hall polynomial y^y/x x ~ f^x- 



Proof. Since Y is preprojective, so is X. Then by Lemma 15.251 the polynomial (f 
exists. By the lemma above we have fy/x x 



Y 



Y 

*,X 
□ 



Proposition 7.5. Let X and Y be indecomposable preprojective A-modules. Assume 
that X is a GR-submodule ofY. IfrankY > 2, then 

(1) dimY/X ^ZS; and 

(2) There exists a Hall polynomial <^y/xx- 

Proof. Assume that rankY > 2. Then A is not of type An- 

(1) Assume that dim Y/ X G Z5 and set v := dimX — dimX(oo)(5. Then Voo = 0, 
X = M{v + s6) and Y = M{v + 16) for some s < t in N, and rankX = vi = rankF. 
For each r G N we may assume that M := M{v-\-r6) has the following structure by [T 



Theorems 2, 3]: M(xij) = k""'^] for all Xij G Qq] M[aij) has the form 



1.. + !+'^ 





for all 1 < j < M{a2j) has the form 







for all 1 < J < p(2); M(a32) 



has the form 




1, 



and M{a^i] 



— where is the r-th enlargement (see 



Section 2] for the definition) of a matrix Z listed in Theorem 3, Table 1] that is 
determined by v not depending on r (only here we use the assumption that char k ^ 2). 
For all r < r' in N we can define a monomorphism / : M{v + r5) — > M{v + r'5) by 

setting fx := ^^^^"^ for all x G Qq, which we can regard the inclusion M{y + r5) ^ 



M{v + r'5). Now if t — s > 1, then we have strict inclusions of indecomposable modules 
X = M{v + s6) M{v + {s + 1)6) M{v + t5) = Y, which contradicts the fact 
that the inclusion X "-^ Y is mono-irreducible (Proposition 17.21) . Hence we must have 
t = s + 1. Then a direct calculation shows that Coker/ = Y/X has the following 
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structure: {Y/X){x) = k for all x G Qo; and 

{0 a i = 1 and vij = fij+i; 
-1 if (^,j) = (3,l); 
1 otherwise 

for all aij G Qi. Since vi = ranky > 2, we see {Y/X){aij) = for at least two distinct 
values of j, which shows that Y/X is decomposable, a contradiction to Proposition 17.21 
Hence we must have dim Y/ X ^ 

(2) This follows from (1) by Proposition 17.41 □ 

7.b. Proof of Proposition [4781 We will make full use of the following fundamental 
facts on simple Lie algebras below: Let 7^ a; G 0(A)q, and ^ y E 0(A)/3 for some 
roots a, 13 of 0(A), and assume that a + is a root of 0(A). Then 7^ [x, y] G q{^)oi+(}- 
First we show that Proposition 14.81 has a slightly stronger form for a positive root v 
of xa with M{v) a regular module. 

Lemma 7.6. Let M he a non-sincere indecomposable A-module. Then U[Af] G L{A)i 
and ^ 0"^(u[M]) G 0(A)dcgM- 

Proof. We already know that U[m] G L{A)i by Proposition 13.141 By induction on 
dimM we show that 7^ 0~^(u[a/]) G 0(A)degA/. Assume first that dimM = 1. Then 
U[M] = £x for some x G Qo- If x 7^ 00 then 7^ 0"^(u[m]) = -E"!. e 0(A)e, = 0(A)degM 
and the assertion holds. If x = cxd, then we know that e^o = -[Cxi, ■ ■ ■ , Cx„] for some 
c G and for some permutation (xi, . . . , Xn) of Aq as in the proof of surjectivity of 
0. Hence 

</.-'(U[M]) = ^[F,,, . . . , G 0(A)e^-5 \ {0} = 0(A)degAf \ {0}, 

and the assertion holds in this case. Assume next that dimM > 1. Then as in the 
proof of Proposition 13.141 there is a non-sincere indecomposable A-module (with 
dimA^ = dimM — 1) and a simple A-module S such that u^m] = ilufs]; U[7v]] in any 
case. Here 7^ (f)'^(u.[s]) G 0(A)deg5 , and by the induction hypothesis 7^ 0~^(u[jv]) G 
0(A)degAr. Since degS* + degA^ = degM is a root of 0(A) by Lemma we have 

7^ (p-\u[M]) = ±[0-^(u[s]), (p-\u[N])] G 0(A)dcgM. □ 

Proposition 7.7. Let v be a positive root of xa- If ^{v) is regular, then 

(1) u„(,^gL(A)i\/(A); 

(2) 0"^(um(„)) G 0(A)dogt,; and 

(3) Um{v+5) = ^m{v)- 

Proof. There exists a unique regular exceptional module X such that v' := dimX has 
the property that f — f ' G Z6. Then degv = degf' = deg(t> + 6). By Proposition 
15.181 both Um{v) — Um{v') and Um{v+S) — Um(t,') are in I (A). By Remark 15.131 we have 
Um(D') £ because M(f') is non-sincere. Hence Um(v),'^m{v'),'^m{v+s) ^ ci-nd 

Um(i,+5) = u„(^) = u„(^/). By the lemma above we have u„(„) ^ I (A) and 0"^(u^(^)) = 

</'~"^(Um(t,')) ^ 0(A)deg»;' = 0(A)degi,- □ 
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Remark 7.8. The statements above clearly hold also for v = + 16 for all x G Qo and 
t e No. 

Proof of Proposition 14.81 in general. Let w be a positive root of xa- We have to 
prove the following: 

(1) u„(.) G L{A)f/I{Af- 

(2) 7^ ^(u„(„)) G 0(A)deg„; and 

(3) CUm{v+S) = CUmiv)- 

If both (1) and (2) are shown, then we have Cum{v) = (f>{9{^) degv)- Then the equality 
deg{v + 6) = degv proves the statement (3). Hence it is enough to show the statements 
(1) and (2) by induction on dimM(w). Set M := M{v). If dimM = 1, then M is 
non-sincere and both (1) and (2) hold by Lemma [7.61 Suppose next that dimM > 1. 
Assume that both (1) and (2) hold for all positive root w of xa with dimM(w) < 
dimM. 

Case 1. M is regular. In this case the assertion is already proved in the previous 
proposition. 

Case 2. M is preprojective. If rankM = 1, then by looking at the structure of 
M described in [13] it is easy to see that there exists an indecomposable maximal 
submodule X of M. Set S := M/X. Then X is also preprojective and rankX = 1. By 
setting v' := dimX we may write X = M[v'). Since rankS* = rankM — rankX = 0, 5 
is a regular simple A-module, and has the form S = M{ex) for some a; G Qo \ {1, c>o}. 
A direct calculation shows that U[m] = [u[5],U[x]]. Thus Urn{v) = ^m{e^),'^m{v')]- By 
the induction hypothesis we have Um{e^),Um{v') £ L{A)^/ I{A)'^ and 7^ {um(e^)) G 

) G 0(A)deg„'. Hence G L{A)^/I{Af and 

[0"^(um(e^)),0~^(u„(^/))] G 0(A)degi, \ {0} because dege^; + degf' = degv is a root of 
0(A) by Proposition 14. 6[ Hence both (1) and (2) hold. Therefore we may assume that 
rankM > 2. 

Let L be a GR-submodule of M and N := M/L. Then both L and are in- 
decomposable. Set v' := dimL, v" := dim A^. In this case L is also preprojec- 
tive and L = M{v'). By Proposition 17.51 we have v" ^ and there exists a Hall 
polynomial f^i- Hence aum{v) = [vt.m{v"),Urn{v')] for some a G Z. Here both v' 
and v" are positive roots of xa with dimM(f'), dimM(f") < dimM. Therefore 
by the induction hypothesis, both (1) and (2) hold for v', v" . Then by the state- 
ment (1) for f', v" we have au.m(v) = \vLm{v"),'^m{v')] ^ L{A)^ / I{A)'^ , and by (2) for 
v', v" we obtain a0"^(um(„)) = [0"^(u„(^//)), 0"^(um(„/))] G 0(A)deg^ \ {0} because 
degf" + degf' = degf is a root of 0(A) by Proposition 14.61 Thus a 7^ and we finally 
have both (1) and (2) for v. 

Case 3. M is preinjective. The dual argument works to show the assertion. □ 

8. Example 

8. a. Basis vectors. For A = Z^s we exhibit basis vectors of positive and negative 
parts of L{A)^/I{A)'^ = 0(A) in the Auslander-Reiten quiver of A. The positive part 
has 20 basis vectors: 15 vectors are in the preprojective component (Fig. l8.ip and 5 
vectors are in the non-homogeneous tubes (Figs. lH^ and [H^ . Similarly the negative 
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Figure 8.1. 15 basis vectors in the preprojective component 



part has also 20 basis vectors: 15 vectors are in the preinjective component (Fig. l8.2|] 
and 5 vectors are in the non-homogeneous tubes. In Fig l8.ll vectors corresponding to 
indecomposable A-modules M are given by their degrees dimM — dimM(cxD)5 (see 
Definition 14. 5p . the broken lines stand for the Auslander-Reiten translation (from the 
right to the left as usual); those with * indicate that the transformations from the left 
to the right are not given by the matrix whereas those without * indicate that the 
same transformations are given by Vectors that are not chosen as representatives 
of basis elements are written in parentheses. The vectors in parentheses such that the 
same appear already on their left show us the action of on dimP^ (see 13.11]) . The 
dual remarks work for Fig. l8.2[ In Figures [8.31 and [8.41 the parallel arrows drawn by 
double lines should be identified to form tubes. 

Remark 8.1. In general the preprojective (resp. preinjective) component over a domes- 
tic canonical algebra contains only basis vectors of the positive (resp. negative) part 
because the dimension vector of each preprojective (resp. preinjective) module takes 
the minimum (resp. maximum) value at the vertex oo (see Remark 14. 71 for detail). 

8.b. Eft, case. By Proposition 14.81 (3) we see that if f is a positive root of xa, then 
Um(t)+5) = ^v'y^miv) for some r^, G C^. For a positive root v of xa with M{v) simple or 
regular we know that = 1. Here we exhibit an example for A = Eg showing that 
this is not always the case. 
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Figure 8.2. 15 basis vectors in the preinjective component 




Let V 



5 4 3 2 
6 4 2 
3 



exceptional), and so are v+e^ 



e Ko{A). Then v is a, positive root of xa (with M(v) 
5 4 3 2 

6 4 2 1 and deg(i'+eoo) = f+Coo — 
3 
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Figure 8.4. Tubes of rank 2 



A direct calculation shows that [um{eoo)j'^m{v)] = ^m{v+eoo) but 



4 3 2 1 
5 3 10 
2 

[Um(eoo)> ^miv+s)] = -^miv+eoo+s)- Hence we have r^+e^ = -r„, and at least one of these 
cannot be 1. 

In the first version of this paper we assumed that I (A) contains the differences 
Um{v+ts) ~'^miv) (namely we assumed that ry^(^t-i)s = 1) ioi all v with M{v) exceptional 
and t eN, and we found a serious error that L{A)f/I{A)'^ = in this case. The present 
version corrects this error. 
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